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Abstract. This paper investigates ways to enlarge the Hamiltonian subgroup Ham 
of the symplectomorphism group Syrnp of a symplectic manifold (M, uj) to a group 
that both intersects every connected component of Symp and characterizes symplec¬ 
tic bundles with fiber M and closed connection form. As a consequence, it is shown 
that bundles with closed connection form are stable under appropriate small pertur¬ 
bations of the symplectic form. Further, the manifold (M, a;) has the property that 
every symplectic M-bundle has a closed connection form if and only if the flux group 
vanishes and the flux homomorphism extends to a crossed homomorphism defined 
on the whole group Symp. The latter condition is equivalent to saying that a con¬ 
nected component of the commutator subgroup [Symp, Symp] intersects the identity 
component of Symp only if it also intersects Ham. It is not yet clear when this con¬ 
dition is satisfied. We show that if the symplectic form vanishes on 2-tori the flux 
homomorphism extends to the subgroup of Symp acting trivially on 7ti(M). We also 
give an explicit formula for the Kotschick-Morita extension of Flux in the monotone 
case. The results in this paper belong to the realm of soft symplectic topology, but 
raise some questions that may need hard methods to answer. 
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1. Introduction 

1.1. Statement of the problem. This paper studies what might be called the gross 
algebro-topological structure of the symplectomorphism group Symp (M,u>) of a closed 
connected symplectic manifold (. M,u ). It is very well known that the identity com¬ 
ponent Symp 0 (M,u) of this group supports a continuous homomorphism called Flux 
that takes values in the quotient H 1 (M;M .)/T of the first de Rharn cohomology group 
with the flux group T. (Precise definitions are given in <11 .31 below. By recent work 
of Ono piij the group T, which is the image of 7Ti(Symp) under the flux, is a discrete 
subgroup of i7 1 (M;M).) 

The kernel of Flux is the Hamiltonian group Ham(M, u), whose elements are the 
time-1 maps of time-dependent Hamiltonian flows. Since Ham (M,u) is perfect (see 
Banyaga pQ), it supports no nontrivial homomorphisms. Hence the only proper normal 
subgroups of Sympo lie between Ham and Symp. One of the motivations for this paper 
is to understand the extent to which this structure in the identity component of Symp 
extends to the full group. What interesting normal (or approximately so) subgroups 
does Symp contain? We shall tacitly assume that I7 1 (M;M) ^ 0, since otherwise the 
whole discussion becomes trivial. 

One can look at this question either algebraically or topologically. From an algebraic 
point of view the most important feature here is the flux homomorphism. Kotschick 
and Morita pointed out in [Si that although Flux does not in general extend to a 
homomorphism defined on Symp, it does extend to a crossed homomorphism at least 
when (M,uj) is monotone, for example a Riemann surface of genus > 1. Therefore one 
interesting question is: 

does Flux always extend to a crossed homomorphism from Symp to 

So far, this is unresolved. However, Proposition II .1 31 gives equivalent geometric condi¬ 
tions for such an extension to exist. 

Kotschick and Morita’s proof that Flux does extend in the monotone case is indirect. 
We explain it at the beginning of H4.2I Theorem 14. fil below gives an explicit construction 
for the extension, which is based on looking at lifts of the action of the elements of 
Symp to an appropriate line bundle over the universal cover of M. Much of our work 
was motivated by the search for similar explicit formulas. For example we show in 
that the composite of Flux : Symp 0 —► with a suitable projection 

H 1 (M;R)/T —*■ H 1 (M]M)/'P iJ ) always extends. 

From a topological/geometric point of view, it turns out that these questions are 
very closely connected to properties of locally trivial symplectic M -bundles (M,u) —► 
P —> B. A basic problem here is: 
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to understand when the fiberwise symplectic class a := [w] extends to a 
class a E H*(P ; E). 

For example, if B is simply connected, a exists if and only if the structural group of 
the bundle reduces to Ham. One reason to be interested in such extensions is that the 
class a may be used to define characteristic classes that carry interesting information: 
see K§dra-McDuff |5J and Kotschick-Morita 0. Another is that by work of Lalonde, 
McDuff and Polterovich hb cni bundles with structural group Ham have interesting 
cohomological properties. For instance, for many bases B the rational cohomology of 
P splits as the tensor product of the cohomology of B with that of M. 

One would like to know to what extent such results remain true for more general 
symplectic bundles. More precisely, for which subgroups TL of Symp could one hope to 
extend the above results to bundles with structural group Til Thus another motivating 
problem is: 

to define a subgroup TL of Symp with the property that the structural 
group of P —> B reduces to TL exactly when a extends to a. 

Such a group TL can be thought of as an enlargement of Ham — whence the title of 
this paper. We shall see that suitable groups TL always exist; in §2 we construct such TL 
as kernels of extensions of homomorphisms related to the flux. Proposition II .151 shows 
that the stability properties of the Hamiltonian group that were proved in m extend 
to TL. 

The next question is to understand the obstruction to the reduction of the structural 
group to TL ; equivalently, when does the classifying map B —> B Symp of the bundle 
P —*• B lift to BTL1 If the Flux group T vanishes, then, as was pointed out in K§dra- 
Kotschick-Morita Kotschick and Morita’s argument may be used to show that this 
obstruction vanishes if and only if the Flux homomorphism extends. Theorem 11.101 
gives the general result, which holds even when r / 0. 

In the rest of this introduction we discuss each of the main questions above in more 
detail. In til ,4l we explain some examples and also (in Remark ll .201) some of the special 
features that arise when [w] is an integral class. 

Note. This paper was first submitted before I saw K§dra-Kotschick-Morita 5]; al¬ 
though most of their paper was completed earlier than mine. In this revision I have 
added a few remarks to clarify the relation of their work to mine. I have also reworked 
some arguments using insights from Gal-K§dra [3j. 

Acknowledgements. The author thanks Swiatoslav Gal, Jarek K§dra, Jack Milnor, 
Leonid Polterovich and Zhigang Han for useful discussions. She also thanks Gal and 
Kedra for showing her early drafts of their paper pij and making various helpful com¬ 
ments about earlier versions of this paper. In particular, they helped streamline the 
proof of Lemma 1.1.1 1 and correct some details in Proposition Id.Ml Finally she wishes to 
thank the referees for helping to improve the presentation of the results discussed here. 
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1.2. Extending the fiberwise symplectic form. Let (M, u) be a closed connected 
symplectic manifold, and consider a locally trivial symplectic M- -bundle 

(M,u) -*• P -*• B 

over a connected base B. We want to understand when the fiberwise symplectic class 
a := [w] extends to a class a G H*(P ; M). By Thurston’s construction, this is equivalent 
to saying that the family of fiberwise symplectic forms cob,b G B, has a closed extension 

to P. (Here we assume without loss of generality that P —> B is smooth.) For short, 
we will often call the family simply the fiberwise symplectic form. 

This topic was first studied by Gotay, Lashof, Sniatycki and Weinstein in {3; where 
they showed that each extension 11 of the fiberwise symplectic form gives rise to an 
Ehresmann connection on the bundle P —> B whose horizontal spaces are the H- 
orthogonals to the fibers. This connection has symplectic holonomy iff the restriction 
of H over the preimages of arcs in the base is closed, and it has Hamiltonian holonomy 
round all contractible loops iff H is closed. Therefore we shall call closed extensions of 
the fiberwise form closed connection forms. 

If H 1 (M] M) = 0 then the Guillemin-Lerman-Sternberg (GLS) construction provides 
a closed connection form on every symplectic bundle. In the general case, we are 
looking for a group homomorphism Ti —> Symp (M,u>) such that an M-bundle P —> B 
over a connected finite simplicial complex has a closed connection form iff its classifying 
map (j) : B —> B Symp lifts to BTC. For short we shall say that such a homomorphism 
Ti —> Symp(M, u ;) (or simply the group Ti) has the extension property. In particular, 
the group Symp itself has the extension property iff every symplectic M-bundle has a 
closed connection form. 

The GLS construction also implies that a symplectic bundle P B over a simply 
connected base B has a closed connection form if and only if its structural group can 
be reduced to the Hamiltonian group Ham(M, u). These hbrations are classified by 
maps (f> : B —> B Symp 0 (where Symp 0 denotes the identity component of the group 
Symp), and in this restricted case we may take TL —> Symp 0 (M, u>) to be the inclusion 
Ham <-» Sympo- Hence the desired group Ti should be understood as a generalization 
of the Hamiltonian group. 

There are several natural candidates for Ti. Perhaps the most elegant approach is 
due to Seidel m, who considers a second topology on the symplectomorphism group 
called the Hamiltonian topology with basis consisting of the sets gU , for g G Symp 
and U open in Ham. We write Symp^ top for the symplectomorphism group in this 
topology, reserving Symp to denote the same group but with its usual C°° -topology. 
The inclusion 

Symp ffiop -► Symp 

is obviously continuous, but is not a homeomorphism when iL 1 (M;M) ^ 0. In par¬ 
ticular, the identity component of Symp Htop is the Hamiltonian group, not Symp 0 . 
The following result is implicit in m, and holds by an easy application of the GLS 
construction: see 
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Proposition 1.1. The inclusion Symp^ top —► Symp has the extension property, i.e. 
a symplectic M-bundle has a closed connection form iff its classifying map lifts to 
B Symp m ° r \ 

The group Symp ffiop is natural but very large. For example its intersection with 
Sympg has uncountably many components when f 0. We define in HI .31 

below a closed subgroup 

Ham s 

of Symp^* 0?) that still has the extension property, but has the homotopy type of a 
countable CW complex. 1 Another advantage of this group is that it has an algebraic 
(rather than topological) relation to Symp, which makes it easier to understand the 
homotopy fiber of the induced map B Ham s —> B Symp. 

The group Ham s is a union of connected components of Symp 1140 ^. It intersects 
every component of Symp, and when f 0 intersects Symp 0 in a countably 

infinite number of components. Hence in general this subgroup is not closed in Symp. 
However, as we point out in Hem ark 11 . 1)1 if T f 0 no closed subgroup of Symp can have 
the extension property. 

One reason for this is that Ham (which is closed in Symp by Ono EB1) does not 
quite classify the set of Symp 0 -bundles for which a extends. To explain this, it is useful 
to introduce the following definitions. We suppose as before that M —> P —»■ B is 
a smooth bundle with base equal to a finite dimensional (possibly open) connected 
manifold with finite homotopy type and fiber a closed symplectic manifold. Recall also 
that a symplectic bundle has classifying map cj) : B —> B Symp 0 iff it is symplectically 
trivial over the 1-skeleton B\ of the base. 

Definition 1.2. We shall say that a (possibly disconnected) subgroup Tio o/Symp 0 has 
the restricted extension property if the following condition holds: a Symp ^-bundle 
M —> P B has a closed connection form iff its classifying map B —> B Symp 0 lifts to 
BTio- Similarly a subgroup TL of Symp has the modified extension property if the 
following condition holds: a Symp -bundle M —> P —> B has a closed connection form 
iff the pullback of its classifying map B —> B Symp over some finite cover p : B —> B 
lifts to BTi. 

Thus to say that Tio h as the modified restricted extension property means that 
a Symp 0 -bundle M —> P —► B has a closed connection form iff there is a homotopy 
commutative diagram 

B -*• BHo 

Pi I 

B ^ B Synrp 0 , 

where p : B ^ B is some finite covering map and (j): B —> B Symp 0 classifies P B. 

One aim of this paper is to understand subgroups TL of Symp that have the (possibly 
modified) extension property. Since every M- -bundle P —> S 1 has a closed connection 

1 A proof that Symp and Ham have the homotopy type of a countable CW complex is sketched in 
McDuff-Salamon 1151 9.5.6]. 
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form, any such group Li must intersect almost every component of Symp. The following 
proposition is proved in We write Im(7To(W)) for the image of ttq{TL) in 7ro(Symp). 

Proposition 1.3. Let Li be a subgroup of Symp with identity component equal to 
Ham. Then Li has the modified extension property iff every finitely generated subgroup 
o/7To(Symp) has finite image in the coset space 7To(Symp)/Im(7ro(7f)). 

Lalonde-McDuff [^3 and early reprints of McDuff-Salamon [Thm 6.36] Hj claim 
that the Hamiltonian group Hamhas the restricted extension property. But 
this is false: there are Symp 0 -bundles P —> B that have a closed connection form but 
yet only acquire a Hamiltonian structure when pulled back over some finite covering 
B — > B. (See later reprints of M and the erratum to cm.) The next proposition is 
proved in m 

Proposition 1.4. The Hamiltonian group Ham(M, uj) has the modified restricted ex¬ 
tension property. It has the restricted extension property iffT = 0. 

The previous results prompt the following question. 

Question 1.5. When does Symp have a subgroup Li with the modified extension prop¬ 
erty and such that Li n Symp 0 = Ham ? 

As is shown by Proposition II.81 below, this is very closely related to questions about 
extending the Flux homomorphism. 

The next problem is to understand the obstruction to the existence of a closed 
connection form. The following lemma is proved in K§dra-McDuff {5[. 

Lemma 1.6. A symplectic M-bundle n : P —> B has a closed connection form iff the 
restriction of ir over the 2-skeleton of B has such a form. 

This is mildly surprising: in order for the fiberwise symplectic class [w] to extend to 
H 2 (P ) it must lie in the kernel of the Leray-Serre differential d% as well as in kerci 2 ) 
and in principle d% depends on the 3-skeleton of B. However, Lemma |l.6l is a very 
general result that is valid in the cohomologically symplectic case, i.e. for pairs (M, a) 
where M is a closed oriented 2n-manifold and a E H 2 (AI) has a n > 0. To prove it, 
observe that if a survives to then d^(a n+l ) = (n + l)ds(a) <g> a n must vanish since 
a n+1 = 0. But because tensoring with a n gives an isomorphism —> E^ 71 and the 
cohomology groups have coefficients M, this is possible only if d^a = 0. 

Although the obstruction lies in such low dimensions, it is still not fully understood. 
It divides into two parts, one that depends on the “symplectic mapping class group” 
7To(Symp) and the other on the flux subgroup T. This is shown by the next proposition 
that formulates necessary and sufficient conditions for the obstruction to vanish. 

Proposition 1.7. The following conditions are equivalent: 

(i) Every symplectic M-bundle P —> B has a closed connection form. 

(ii) T = 0 and every connected component of the commutator subgroup [Symp, Symp] 
that intersects Symp 0 also intersects Ham. 
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The second condition in (ii) is not yet well understood. We show below that it 
is equivalent to the existence of a suitable extension of the flux homomorphism; see 
Proposition II .1 3l a,nd Remark Q .1 41 However, we can prove that Flux extends only under 
very restrictive circumstances, for example if [cu] vanishes on 2-tori and 7To(Symp) acts 
on 7 Ti(M) by inner automorphisms; see Proposition 11 .1 8l 

1.3. Extending the flux homomorphism. The flux is initially defined as a homo¬ 
morphism from the universal cover Sympo of the identity component of the symplec- 
tomorphism group to the group H 1 (M]R). For each element {gt} E Sympo the value 
of the class Flux({gt}) E H 1 (M]R) on the 1-cycle 7 in M is given by integrating u 
over the 2-chain (s,t) 1 —> g t (-y(s)). If we define the Flux group T to be the image of 

7Ti(Symp) C Sympo under Flux, then Flux descends to a homomorphism 

Flux : Symp 0 (M,w) -> H\M-R)/T 

that we shall call the flux homomorphism. Its kernel is the Hamiltonian group Ham. 

The problem of extending the Flux homomorphism to the whole group Syrnp arose 
(with rather different motivation) in the work of Kotschick-Morita |23 i n the case when 
M is a Riemann surface of genus g > 1 or, more generally a monotone manifold, i.e. a 
manifold in which the symplectic class [a;] is a multiple of the first Chern class. They 
showed that in this case Flux extends to a crossed homomorphism 

F KM ■ Symp (M,co) - H^M-R), 

that is, a map F := Fkm that instead of being a homomorphism, satisfies the identity 

(1.1) F(gh)=F(h)+h*F(g), 

where h* denotes the action of h on H 1 (M-,R ) via pullback. 2 

In general, one should look for an extension of Flux with values in H 1 (M]R)/T. 
So far, it is unknown whether an extension must always exist: see Proposition 11 .1 31 
However, the following result shows that this question is very closely related to our 
earlier considerations. 

Proposition 1.8. (i) If 

F : Symp(1M» -► H' 1 (M;M)/r 

is a continuous crossed homomorphism that extends Flux, its kernel Ti intersects every 
component of Symp and has the modified extension property. Moreover TL has the 
extension property iff Y = 0. 

(ii) Conversely, let H be a subgroup of Symp that intersects Symp 0 in Ham and denote 
by Symp w the union of the components of Symp that intersect H. Then there is a 
crossed homomorphism F : Syrnp^ —*• H 1 (M ; M) /T that extends Flux. 

2 This is the natural identity to use for a crossed homomorphism G — > A when the group G acts 
contravariantly on the coefficients A. Note also that when Symp acts nontrivially on _P 1 (M;R) it is 
not possible to extend Flux to a group homomorphism: see Remark im 
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Proof. Given F, let Pi := Tip be the kernel of F. Then PL n Symp 0 = Ham. Further 
given any g G Syrnp choose h G Symp 0 such that Flux h = —F(g) G H 1 (M; M) /T. Then 
g is isotopic to the element gh G PL. Hence PL has the modifed extension property by 
Proposition Q If r = 0 then the inclusion BPL —► B Symp is a homotopy equivalence 
and every bundle has both a closed connection form and an Tf-structure. If T A 0 one 
can construct bundles that have a closed connection form but no PL -structure as in the 
proof of Proposition II .41 

To prove (ii) we define F on Symp w as follows: given g G Symp w denote by a g any 
element in PL that is isotopic to g and set F(g) := Flux^” 1 #). This is independent of 
the choice of a g . Further {(T g ah)~ l (y g h G PL FI Symp 0 = Ham . Hence 

F(gh) = Flux^crgh) 1 gh) = Flu x(af) 1 (cr~ 1 g)a h ) Flux(cr^ 1 /i) = h*F(g) + F(h). 

Thus F satisfies Q and so is a crossed homomorphism. □ 

Remark 1.9. If Flux extends to F but T / 0 then by part (i) of the above proposition 
the kernel of F does not have the extension property. On the other hand, the kernel 
PLq of the composite map 

F : Symp -*• H 1 (M'R)/T -*• H l (M- R)/(r <g> Q) 

does have the extension property by Corollary IT(SI It follows from the proof of Propo¬ 
sition EU that this is the smallest group with this property. Note that it has countably 
many components in Symp 0 . 

Although Flux may not always have an extension with values in H l (M] M)/T, its 
composite with projection onto a suitable quotient group H 1 (M' 1 M)/A always can be 
extended. Below we shall define a continuous crossed homomorphism 

(1.2) F s : Symp(M,w) H 1 (M;R)/H 1 (M;V UJ ) =: A, 

where V u := is the rational period group of u (i.e. the values taken by [a;] on the 

rational 2-cycles). The map F s depends on the choice of a splitting s of a certain exact 
sequence. (See the definitions in fJ5J The “topology” on A is explained in Remark 12. fil l 
However its restriction to the identity component Symp 0 is independent of this choice 
and equals the composite 

Symp 0 H\M-,R)/T -»• H 1 (M;R)/H 1 (M;V UJ ). 

Recall that if a group G acts continuously on an R-module A (for suitable ground 
ring R) then the continuous group cohomology 3 

#cEm( g ; A) 

•^The group cohomology of a discrete group G s is defined algebraically using a cochain complex that 
in older literature is called the Eilenberg-MacLane complex. This cohomology is isomorphic to the 
singular cohomology of the classifying space BG S . If G is a topological group, then one can also consider 
the cohomology groups defined by restricting to continuous cochains. Since the resulting cohomology 
groups are completely different from the singular cohomology of BG, we will for the sake of clarity 
denote the group cohomology by adding a c wherever appropriate to emphasize continuity. 
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(defined using continuous Eilenberg-MacLane cochains) is the quotient of the module 
of all continuous crossed homomorphisms G —> A by the submodule consisting of the 
coboundaries - a, a £ A. Therefore, F s defines an element 

[F s ] € H 2 EM (Symp;A). 

Although there is no canonical choice for F s it turns out that the cohomology class 
[F] := [F s ] is independent of the choice of s. 

We now define 

Ham s (M, oj) := kerF s . 

These groups depend on the representative F s chosen for the class [F s ], but they are all 
conjugate via elements of Symp 0 . Moreover their intersection with the subgroup Symp^ 
of Symp that acts trivially on F 1 (M;M) is independent of s. (See Lemma 12.51 1 This 
holds because any crossed homomorphism F : Symp —> A restricts to a homomorphism 
on Symp^ that depends only on the class represented by F in F^ EM (Symp; A). 

Because Ham s is the kernel of a continuous crossed homomorphism it follows from 
standard theory that one can use this homomorphism to define a class 

0 M E H 2 (B Symp; H Q ) 

that measures the obstruction to lifting a map (f> : B —> L> Symp to HHam s . Here one 
should think of Hq := P[ 1 (M;V Ld ) as iri{A) where A := H 1 (M;'R)/H 1 (M;V U j). 

The next result explains the role of this class O m . The statement in (i) below arose 
from some remarks in Gal-K§dra pj. 

Theorem 1.10. (i) The obstruction class O m E H 2 (B Symp; Hq) equals the image 
d%{[w]) of [w] E H 2 (M\V u ) under the differential df in the Leray-Serre spectral se¬ 
quence for the cohomology of the universal M-bundle over B Symp with coefficients V w . 

(ii) There is a crossed homomorphism F : Symp —> iL 1 (M;M)/T that extends Flux if 
and only if O ai lies in the image of H 2 (B Symp; T) in H 2 (B Symp; Hq). 

Corollary 1.11. Ham s has the extension property. 

Proof. By Lemma II.(il there is a closed extension of u> iff d- 2 ( [cl] ) = 0, where denotes 
the differential in the spectral sequence for real cohomology. But because V w is divisible, 
this vanishes iff df([uj]) = (1. □ 

Corollary 1.12. The following conditions are equivalent: 

(i) Every symplectic M-bundle has a closed connection form. 

(ii) T = 0 and there is a crossed homomorphism F : Symp —> extending 

Flux. 

For example, when (M, u) is monotone, the first Chern class of the vertical tangent 
bundle of P —► B provides an extension of [w]. Therefore the obstruction class O ai must 
vanish. This is consistent with the corollary since the Kotschick-Morita homomorphism 
Fkm extends Flux. 
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The next result clarifies the conditions under which Flux can be extended. In 
Kotschick-Morita 0 §6-3], the obstruction to the existence of an extension of Flux 
is described as a certain class <5([F]) e Ff|; M ( 7 ro(Symp); E)/r). Thus the next 

proposition can be interpreted as giving geometric explanations of what it means for 
this class to vanish. 

Proposition 1.13. The following conditions are equivalent. 

(i) Flux extends to a crossed homomorphism F : Symp(M, lo) —> H l (M] M)/T. 

(ii) For every closed Riemann surface E every representation of 7 Ti(E) in 7 To(Symp) 
lifts to a representation into the group Symp / Ham. 

(iii) For every product of commutators [ui,U 2 ] ■ ■ ■ \u 2 p- 1 , u 2p ], Ui £ Symp, that lies in 
Sympo, there are elements g\.... ,g 2p £ Symp 0 such that 

['Uj < 71 , 1 / 252 ] • ■ ■ [u 2p -ig 2 p-i, U 2 P g 2 P ] £ Ham . 

(iv) For every symplectic M-bundle P —* E there is a bundle Q —> S 2 such that the 
fiberwise connect sum PjfQ —* E ffS 2 = E has a closed connection form. 

Remark 1.14. If we restrict to the subgroup Symp^ of Symp that acts trivially on 
then (iii) is equivalent to saying that 

(1.3) [Symp^, Syrnp^] n Symp 0 = Ham . 

We show in Corollarv l4.1 1 1 that equation (II .31) holds when [w] vanishes on tori and lies in 
the subring of H* (M) generated by H l . However, it is so far unknown whether it always 
holds. If not, then F cannot always exist. On the other hand, there are indications that 
m might always hold. It seems that a large part of 7 To(Symp) can be generated by 
Dehn twists about Lagrangian spheres: cf. Seidel DU 1.7]. In dimensions > 2 these are 
well defined up to Hamiltonian isotopy and act trivially on and so one might 

be able to take TL 0 Syrnp^ to be the group generated by Dehn twists. In any case, it 
does not seem that the methods used in this paper are sufficiently deep to resolve this 
question. 

1.4. Further results and remarks. After discussing stability, we describe a few 
cases where it is possible to extend the Flux homomorphism. We end by discussing the 
integral case, and the question of uniqueness. 

Stability under perturbations of lo. It was shown in Lalonde-McDuff m that 
Hamiltonian bundles are stable under small perturbations of lo. One cannot expect 
general symplectic bundles to be stable under arbitrary small perturbations of lo since 
tti(B) may act nontrivially on Ff 2 (M;M). Given a symplectic bundle (M, lo) —> P —> B 
let us denote by V 2 (P) the subspace of H 2 (M]Q) generated by the elements g*(C) — 
C, where C G H 2 (M\ Z) and g is any symplectomorphism of M that occurs as the 
holonomy of a symplectic connection onP->B around some loop in B. (Since g*(C) 
depends only on the smooth isotopy class of g , it does not matter which connection 
we use.) The subspace Ff 2 (M;M) inv Hfi, consisting of classes a € Ff 2 (M;M) that are 
fixed by all such g , is the annihilator of V 2 (P). The most one can expect is that the 
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existence of a symplectic structure on P —► B is stable under perturbations of [cu] in 
this subspace. For example, if uj is generic in the sense that it gives an injective map 
H 2 {M]Z)I Tor -*• E then V 2 (P) is torsion and H 2 (M; E) inv ( p ) = H 2 (M;R). 

Proposition 1.15. Let (M,uj) —> P —> B be a symplectic M-bundle over a finite 
simplicial complex B. Then there is a neighborhood Af(uo) of uj in the space of all closed 
2-forms on M that represent a class in H 2 (M] E) inv o ) such that for all uj ' G J\f{uo): 

(i) P —► B has the structure of an uj' -symplectic bundle, and 

(ii) if there is a closed extension of uj, then the same is true for uj'. 

Part (i) of this proposition follows by the arguments in UM Cor. 2.5]. Part (ii) was 
also proved in m in the case when B is classified by a map into B Symp 0 (M, a;). The 
proof of the general case is given at the end of m The next corollary is an immediate 
consequence of (ii). 

Corollary 1.16. If P —> B has a Ham s -structure then the image of the restriction map 
H 2 (P; E) —> H 2 (M] E) is the subspace H 2 (M; E) mv ( p ) of H 2 (M] E) that is invariant 
under the action ofni(B). 

This result implies that the differentials a^’ 0 an d in the Leray-Serre spectral 
sequence for the real cohomology of P —► B vanish, and so is a partial generalization 
of the vanishing results in m- 

Remark 1.17. Proposition 11.151 is proved using the Moser homotopy argument and so 
works only over compact pieces of Syrnp. This is enough to give stability for bundles 
over bases B of finite homotopy type but is not enough to allow one to make any 
statements about properties that involve the full group Symp. Hence even if Flux 
extends to F : Symp —> H l (M\ E)/T for the manifold ( M,uo ), it is not clear that it 
also extends for sufficiently close forms uj' whose cohomology class is invariant under 
Symp(M, uj). For one thing, however close uj 1 is, there may be new components of 
Symp(M, uj') containing elements that are far from those in Symp (M,u>). 

Manifolds with T = 0. One expects that for most manifolds I = 0. Whether O' 1 
then vanishes is still not clear. We now discuss some special cases in which T = 0 and 
Flux extends to a crossed homomorphism defined either on the whole group Symp or 
on some large subgroup. 

The first case is when (M, uj) is (strongly) monotone, i.e. the symplectic class [w] is 
a multiple of the first Chern class. In this case O m = 0 since one can always choose 
a closed connection form in the class of a multiple of the vertical first Chern class. 
Kotschick-Morita [H] observed that Flux always extends. We shall give an explicit 
formula for F in Theorem EZD As noted in Remark IT71 (ii), the argument in fact 
applies whenever [uj] is integral and Symp has the integral extension property, i.e. 
there is a complex line bundle over the universal M-bundle Ms ymp —> B Symp whose 
first Chern class restricts to [w] on the fiber. 

Another somewhat tractable case is when (M, uj) is atoroidal, i.e. f T2 ip*uj = 0 for 
all smooth maps if : T 2 —>■ M. Note that T = 0 for such manifolds, because for each 
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loop {ft} in Symp 0 the value of the class Flux({/ t }) on the 1-cycle 7 is obtained by 
integrating u over the torus Utfti'y)- In the next proposition, we denote by Syirip^ 
the subgroup of Syrnp consisting of elements that are isotopic to a symplectomorphism 
that fixes the basepoint xq of M and induces the identity map 717 (M, xq) —> 7 Ti(M, xo ). 4 

Proposition 1.18. If (M,uj) is atoroidal then T = 0 and Flux extends to a homomor¬ 
phism F : Syrnp^ — H L (M]R). 

We shall see in E3I that in the above situation F can be extended to a crossed 
homomorphism defined on the whole of Syrnp but at the cost of enlarging the target 
group. 

Proposition II. 181 gives a partial answer to K§dra-Kotschick-Morita’s question .5] of 
whether the usual flux homomorphism Symp 0 —► H l (M]R) extends to the full group 
Symp when [a>] is a bounded class. This condition means that [cu] may be represented 
by a singular cocycle that is uniformly bounded on the set of all singular 2 -simplices .' 5 
If [w] is bounded, then ( M,lj ) is atoroidal since an arbitrary multiple of a toric class 
C can be represented by the sum of just two singular 2-simplices. Another interesting 
atoroidal case is that of symplectically hyperbolic manifolds. There are various possible 
definitions here. We shall use Polterovich’s definition from HU in which (M, uj) is called 
symplectically hyperbolic if the pullback uj of uj to the universal cover M of M has 
bounded primitive, i.e. uj = d(3 for some 1 -form /3 that is bounded with respect to any 
metric on M that is pulled back from M. For example, (M, uj) might be a product of 
Riemann surfaces of genus > 1 with a product symplectic form. Because in the covering 
M 2 —> T 2 the boundary of a square of side N encloses N 2 fundamental domains, it is 
easy to check that any 2-form on T 2 whose pullback to M 2 has bounded primitive must 
have zero integral over T 2 . Hence we find: 

Lemma 1.19. Proposition \1.18\ applies both when [w] is bounded and when {M. uj) is 
symplectically hyperbolic. 

ESI contains a few other similar results that are valid in special cases, for example 
when uj vanishes on 7 T 2 (M). 

We end the introduction with some general remarks. 

Remark 1.20. (The integral case.) There is an analogous group Ham sZ which 
is the kernel of a crossed homomorphism Ff with values in H 1 (M] R/V%) where Vf; 
denotes the set of values of [w] on the integral 2-cycles Ho(M] Z). In many respects 
the properties of this group are similar to those of Ham s . However, there are some 
interesting differences. If Tor denotes the torsion subgroup of then the 

analog of the group A occurring in equation m is 

A z := ^(M-R/Vl) “ Hom(Tor,M/P^) © H 1 (M]R)/H 1 (M-,V^). 

4 One can check that g £ Symp^ iff for any path 7 in M from xo to g(x 0 ) the induced maps 
7»,g, : 7ri(M,* 0 ) —> 7n(M, gxo) differ by an inner automorphism. Thus, loosely speaking, Symp^ 
consists of all symplectomorphisms that act trivially on 7ri (M). 

Whe (smooth) cocycle represented by integrating u> can never be bounded because bounded cocycles 
vanish on cylinders as well as tori. 
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Hence Theorem 11 .1 01 (i) does not immediately generalize; the proof of Lemma E3] shows 
that the obstruction to the existence of a Ham sZ -structure is twofold, the first coming 
from the finite group 7 To(M z ) (see Lemma HD and the second an obstruction cocycle 
similar to O m coming from tti(A z ) (see Lemma lM.51) . Nevertheless, since every Ham s - 
bundle over a compact base B has a finite cover with a Ham sZ -structure, the latter 
group has the modified extension property. 

The group Ham sZ is most interesting in the case when V^ = Z, i.e. when [cj] is a 
primitive integral class. In this situation one might expect B Ham s2 to classify bundles 
P —> M that have a closed and integral connection form. Even in the case when 
7 To(Symp) acts trivially on this is not quite true. Gal-K§dra 0 point out 

that there is a further torsion obstruction in 7L 3 (H; Z) which measures whether the 
symplectic class [w] has an integral rather than rational extension: cf. Proposition Id.Ml 
below and Example 14.21 

If 7 To(Symp) acts nontrivially on Tor C L/i(M;Z), then the groups Ham sZ are not 
all conjugate. We show in Lemma 14.41 that up to homotopy the choice of splitting 
s is equivalent to the choice of an integral lift r of [w], i.e. of a prequantum line 
bundle L r . Moreover s itself is determined by a unitary connection a on L, and the 
group Ham sZ consists of all symplectomorphisms $ that preserve the monodromy of 
a, i.e. for all closed loops 7 in M the a-monodromy m a { 7 ) round 7 equals that round 
0 ( 7 ). Thus, Ham sZ is the same as the group D( considered by Kostant in j7j- (It is 
also homotopy equivalent to the covering group of Syrnp considered in GaEKqdra 2J; 
see Proposition roi below.) Hence one can think of the monodromy m a of a as a 
“Hamiltonian structure” on M, i.e. this function on the space CM of closed loops 
in M is the structure on M that is preserved by the elements of Ham sZ . 6 Thus an 
M-bundle P B with structure group Ham sZ has such monodromy functions on each 
fiber, but (just as in the case of the fiberwise symplectic form) these do not need to 
be induced by a global monodromy function coming from a line bundle over P. Such 
global structures are called integral configurations in Gal-K§dra [2j, where the problem 
of classifying them is discussed. 

Remark 1.21. (Issues of uniqueness) (i) Because we are interested in the algebraic 
and geometric properties of the symplectomorphism group we restricted ourselves above 
to the case when Tt is a subgroup of Symp. However, from a homotopy theoretic point 
of view it would be more natural to look for a group /C that classifies pairs consisting 
of a symplectic M-bundle n : P —> B together with an extension a E Lf 2 (.P;M) of 
the fiberwise symplectic class [u)\. Here we should either normalize a by requiring 
7n(a n+1 ) = 0 (where 77 denotes integration over the fiber) or consider a to be well 
defined modulo elements in ir*H 2 (B). Then the homotopy class of B/C would be well 
defined and there would be a forgetful map i/j : BK, —> B Symp which is well defined 

®The function m a : CM — » R/Z is characterized by the following two properties: (i) m a (/3 * 7) = 
m a ((3) + m a ( 7), where (3 * 7 is the concatenation of two loops with the same base point; and (ii) if 7 
is the boundary of a 2-chain W then m a ( 7 ) = uj(W) mod 1. Hence it contains the same information 
as the splitting s z . For general [t^], one can think of a Hamiltonian structure as the marking defined 
by the splitting s; cf. the discussion in the appendix of ma- 
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up to homotopy (assuming that we are working in the category of spaces with the 
homotopy type of a CW complex). In general, ifr would not be a homotopy equivalence 
since the extension class a £ H 2 (P;~R) could vary by an element in F[ 1 (B; M)). 

Further, in this scenario, K. need not be a subgroup of Symp. (Cf. the discussion in 
Lalonde-McDuff m of the classification of Hamiltonian structures.) 

(ii) If we insist that /C be a subgroup of Symp then there are several possible notions of 

equivalence, the most natural of which is perhaps given by conjugation by an element in 
Symp 0 . With this definition equivalent groups would be isomorphic. We show in fJ2]that 
the groups Ham s are equivalent in this sense, though when H\ [M\ Z) has torsion the 
integer versions Ham sZ may not be. It is also not clear whether any two groups Ti\,Ti .2 
that intersect each component of Symp and satisfy TL i n Symp 0 = TL 2 H Symp 0 = Ham 
must be isomorphic as abstract groups, although any such group must be isomorphic to 
an extension of 7To(Symp) by Ham. Moreover, there is no immediate reason why they 
should be conjugate. For example, suppose that the group 7To(Symp) is isomorphic 
to Z, generated by the component Symp a of Symp. Then because Ham is a normal 
subgroup of Symp the subgroup TL g of Symp, generated by Ham together with any 
element g £ Symp a , intersects Symp 0 in Ham and therefore has the required properties. 
Any two such groups = 1,2, are isomorphic, though they are conjugate only if 

there is h £ Symp such that gihg^h -1 £ Ham. On the other hand, because g\ and 52 
can be joined by an isotopy, there is a smooth family of injective group homomorphisms 
it : 7 i gi —> Symp, t £ [1, 2], that starts with the inclusion and ends with an isomorphism 
onto Thus the homotopy properties of the inclusions 7i gi —■> Symp are the same. 

(iii) Instead of looking for subgroups of Symp with the extension property one could 
look for covering groups 7i —> Symp with this property. Notice that if A is a discrete 
subgroup of an abelian topological group A and if the continuous crossed homomor¬ 
phism F : G —► A /A extends the composite Fq : Go —► A —► A/ A, where / : Go —► A 
is a homomorphism defined on the identity component of Go, then the fiber product 

G := {(< 7 , a) £ G x A \ F(g) = a + A} 

of G and A over A /A is a covering group of G that contains a copy of Go, namely 
the graph of /. Moreover, the obvious projection G —> A lifts Fq. This approach 
is particularly relevant in the integral case mentioned in Remark 11 . 21)1 above, as well 
as the cohomologically symplectic case, where the analog of the Hamiltonian group is 
already a covering group of Diffo- For further discussion see JO] and Gal-K§dra 0. 

2. Definition and Properties of F s 

Define V * (resp. V u := V^) to be the set of values taken by [w] on the elements 
of H 2 (M; Z) (resp. H 2 (M;Q)). To define F s we follow a suggestion of Polterovich 
(explained in Lalonde-McDuff M)- Define the homology group 

SHi(M,uj;Z) 

to be the quotient of the space of integral 1-cycles in M by the image under the 
boundary map d of the integral 2-chains with zero symplectic area. Then there is a 
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projection 7Tz : SH\{M,uj\Z) —> Hi(M;Z) and we set 

SHi(M,uj) := SH 1 (M,uj-,Z)®Q. 

We shall consider SH\ (M. uj) and Pj as Q -vector spaces. Given a loop (or integral 
1-cycle) £ in M we denote its image in H\ (M ; Z) or by [£] and its image in 

SHi(M,u;Z) or SHi(M,uj) by (£}. We usually work over the rationals and shall omit 
the label Q unless there is a possibility of confusion. 

Lemma 2.1. There are split exact sequences 

(2.1) 0 -► R/P* -► SHi(M, uj; Z) 3 H X {M;Z) -f 0, 
and 

(2.2) 0 -4 M/P® SHi(M, uj) A H^M-Q) -»• 0. 

Proof. Choose a continuous family of integral 2-chains ft \ D —> M for i 6 1 with 
J)-, ffuj = t. If 7 t := /t|a_D denotes the boundary of ft, then the elements 

(t t), 

generate the kernel of the projection : SHi(M,uj; Z) —> Pi(M, Z). Moreover they 
represent different classes in SH\(M, u ;; Z) if and only if t — f' ^ P(J. Hence the sequence 

0 -► R/P^ -*• SHi(M,uj;Z) 3 Z) -*• 0, 

is exact. To see that it splits, we just need to check that each element A = [£] of finite 
order N in H\(M; Z) is the image of some element of order N in SHi(M;Z). But if 
W is an integral 2-chain such that dW = N£ and if /a := f w uJ then 

N((£) ~ ('Jfi/N )) = 0 and vr((£) - ( 7 ^)) = [4 

In fact every element of order N in the coset vr^ 1 ([^]) has the form {£) — ( 7 ^) where 
No G jj + V^. The proof for (12.21) is similar. □ 

We explain in EH a natural way to understand splittings of ni in the case when 
V2 = Z: cf. Definition 14..'ll Note also that in the previous lemma there is no need for 
u to be nondegenerate; it suffices for it to be closed. However if it were an arbitrary 
closed form it would not have many isometries, and so the next lemmas would have 
little interest. 

Lemma 2.2. The group Symp(M, uj) acts on SH\{M,uj;Z) and SH\(M,uj). The 
induced action o/Sympg on the set of splittings of n is transitive. When H\{M;Z) has 
no torsion Symp also acts transitively on the splittings of ■ 

Proof. Again, we shall work with the sequence over Z. The group Symp (M,uj) acts on 
these spaces because it preserves uj. To prove the transitivity statement, note first that 
any splitting s of 7 has the form sA* = [£f) where £\,... ,4 are loops (i.e. integral 
1-cycles) in M that project to the basis Ai,...,Afc of H\(M;Z). Suppose given two 
such splittings s, s' corresponding to different sets L , L' of representing 1-cycles for the 
Aj. Suppose also that dimM > 2. Since Hamiltonian isotopies have zero flux, we 
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may move the loops in L and L' by such isotopies, without affecting their images in 
and so that no two intersect. Now choose Tj,.... G M + such that 

(4) = (A) + (7Ti), l<i<k, 

where the 7 j are as in T^mma 12.1 1 For each i there is a symplectic isotopy hij such 
that for all t G [0, Tj], 


\i. 


= id, j < 


hi. 


t\h 




= id, j > 


w = Tj, 


Wi 


where W* := Uo<t<T;7h,t(4)- (Take the h t j to be generated by closed 1-forms oti that 
vanish near the appropriate loops and are such that oti A 0. Here we are using the 
fact that \lj\ is not a torsion class.) Then h := h 1 o ■ ■ ■ o hk,T k takes s to s'. 

To extend this argument to the case dimAf = 2, it is convenient to describe the 
splitting by its effect on a standard basis A i of F/i(M;Z). Thus we may assume that 
ii and ij are disjoint unless (i,j) = (2k — 1,2 k) in which case they intersect in a 
single point. If so is the splitting defined by these loops, it suffices to show that for 
any numbers Tj there are representatives for the [£f\ such that for each i there is a 
cylinder of area T) with boundary £( — £j. One achieves this by first isotoping the £ t for 
i odd (fixing the other loops), and then adjusting the £ t for even i. □ 


Choose a splitting s for 7Tg. If h G Symp and A G F/i(M;Z), then the element 
h*(s A) — s(h* A) lies in the kernel of 7 rz : SH\(M,uj) —> i?i(M;Z) and one can define a 
map 

Ff : Symp(M) — A Z := Aom(H 1 (M-Z),R/V Z ) 

by setting 

(2.3) Fs(h)( A) := h*(s\) - s(h* A) € R/Vf, A G H X (M- Z). 

Explicitly, if we denote by A the image s(A) of A G H\(M), then 

(2.4) F s (h)(X) =a(hX-hX), 

where a((£') — (£)) is the symplectic area of any cycle with boundary i' — i. Similarly, 
for each splitting s of (12.21) we define 

F s : Symp (M) -»• A := Hom(FZ'i(M),M/7 3 ^) = H 1 (M;R)/H 1 (M-,V2) 


by 


F s (h)( A) := /i*(sA) - s(/i*A) G R/T$, A G Hi(M;Q). 
Proposition 2.3. (i) Ff is a crossed homomorphism that equals the composite 

Symp 0 F -^ x H l (M]R)/T -*• A z := Hom(i?i(M; Z), M/7^) 
on Symp 0 . Moreover the class 

[F z ] := [Tjf] G HqEM (Symp, *4 Z ) 
is independent of the choice of s. 

(ii) The analogous statements hold for F s . 
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Proof. Ff is a crossed homomorphism because for all g,h E Symp 


Ff{gh){ A) 


a(ghX —gh \) 

a[ghX — ghX ) + a(ghX — ghX ) 
ci(hX — hX ) + a(ghX — ghX ) 
Ff{h)(X) + Ff{g){hX) 
Ff(h){X) + h*Ff{g){X). 


The rest of the first statement in (i) is immediate from the definition. 

To prove the second statement in (i) observe that two choices of splitting s, s' differ 
by the element a E A z := Horn (iii (M; Z), M/T’J) given by 

a{ A) := s'{ A) - s(A) E M/P*, A E HfiM-Z). 


It follows easily that 

(2.5) F^(/i) - = a - h*a, 


and so is a coboundary. 

The proof of (ii) is similar. □ 

Definition 2.4. Given a splitting s : H i (M ;Q) —> SH\{M,oj) we define the en¬ 
larged Hamiltonian group Ham s (M, w) to be the kernel of F s . Similarly, we define 
Ham sZ (M, u) to be the kernel of the integral crossed homomorphism Ff. 

Lemma 2.5. Let s,s' be two splittings and define Symp^ to be the subgroup of Symp 
that acts trivially on rational homology. 

(i) Symp^ n Ham s = Symp^ n Ham s . 

(ii) The map 7To(Ham s ) —> 7To(Symp) is surjective. 

(iii) The subgroups Ham s and Ham s are conjugate in Symp by an element in Symp 0 . 

(iv) When topologized as a subspace of Symp, the path component of Ham s containing 
the identity element is Ham 

Proof, (i) is an immediate consequence of the identity (12.51) . (iii) follows from the 
fact that Symp 0 acts transitively on the set of splittings and the description of Ham s 
as the subgroup of Symp whose action on SH[ (M. ui) preserves the image of s. To 
prove (ii), we must show that any element h E Symp is homotopic to an element in 
Ham s . This holds because the splittings s' = /i*(s) and s are conjugate by an element 
in Symp 0 . To prove (iv) consider a continuous path ht E Symp that starts at the 
identity and is such that F s (ht)( A) = 0 E for all t. By Proposition 12.51 the 

path t i—> F s (ht)( A) E M/P w has the continuous lift t e-> Flux(fq)(A) E M. Since V w is 
totally disconnected this lift must be identically zero; in other words the path ht is a 
Hamiltonian isotopy. □ 


Part (iv) of Lemma 12.51 holds for the group Ham sZ , and (i) holds if one replaces 
Symp^ by the group that acts trivially on Hi(M;Z). However, one must take care 
with the other two statements. For further details see EU 
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Remark 2.6. (Topologies on Ham s and M/TL.) The intersection Ham s n Symp 0 
is disconnected. In fact it is everywhere dense in Symp 0 . Hence the subspace topology 
t s on Ham s is rather counterintuitive and it is better to give Ham s a finer topology in 
which its path components are closed. Therefore, although we give the group Symp the 
usual C^-topology (which is the subspace topology it inherits from the diffeomorphism 
group), we give Ham s the topology r c that it inherits from the Hamiltonian topology 
on Symp. Then the identity map (Ham s , r c ) —> (Ham s ,r s ) is continuous and is a weak 
homotopy equivalence. Thus this change in topology does not affect the homotopy or 
(co)homology of the space. 

Correspondingly we shall always think of as a discrete group. Further we think 
of quotients such as M./V u (or A) as quasitopological spaces 7 i.e. we specify which 
maps / : X —> M/ V' w are continuous, where X is a finite simplicial complex. This 
gives enough structure for M./V u to have well defined homotopy groups and hence a 
well defined weak homotopy type. In the present situation we say that / is continuous 
iff X has a triangulation X' such that the restriction of / to each simplex in X' has a 
continuous lift to M. Hence 

^(R/Vuj) = Vu, = 0, j > 1. 

Thus is (weakly homotopic to) the Eilenberg-MacLane space K(V 1). In some 

situations (such as Lemma HOI below! it is useful to replace the quasitopological space 
M./Vu by its homotopy quotient := Here EV U denotes a contractible 

space on which the group acts freely and the notation / is taken from Segal ff8| . 
Since there is a homotopy fibration V^ —■> EV^ — ► M.//Vu, R/TL is a K(Vu,, 1). Hence 
the map M.//V w —► M/Vu, induced by collapsing EV u to a point is a weak homotopy 
equivalence. □ 

Remark 2.7. If g £ Symp and h £ Symp 0 then it is easy to check that Flux(g _1 /i< 7 ) = 
g* (Flux h) . Hence, if Symp^ denotes the subgroup of Symp acting trivially on H 1 (M; R) 
then 

[Symp 0 , Symp^] = Ham . 

On the other hand [Symp 0 , Symp] = Ham only if Symp = Syrnp^. Hence when 
Symp ^ Symp^ the flux homomorphism does not extend to a homomorphism Symp —> 
H l (M)/T. 

There is another relevant subgroup, namely Symp^z, consisting of elements that act 
trivially on Hi(M; Z). Note that [Symp^z, Syrnp^z] nSymp 0 lies in Ham sZ because Ff 
restricts to a homomorphism on Symp^z and so vanishes on the commutator subgroup 
[Syrnp^z, Sympjyz]. But this is the best we can say; in particular, it is not clear whether 
[Syrnp^, Syrnp^] n Symp 0 must always equal Ham. 

Lemma 2.8. The following statements are equivalent. 

(i) [Syrnp^-, Symp H ] n Symp 0 = Ham; 

7 This meaning of the word “quasitopological” seems to be obsolete, though it is very convenient. 
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(ii) For every product of commutators y := [rti, U 2 ] •.. [u 2 P -i,U 2 P ], Ui G Syrnp^, that 
lies in Symp 0 , there are elements g± ,..., g-ip G Symp 0 such that 

f '■= [uidi,U 2 g 2 ] ■ ■ ■ [u 2 p-i 92 p-i, U 2 pd 2 p] £ Ham . 

(iii) The flux homomorphism Flux : Symp 0 —► extends to a continuous 

homomorphism F : Symp^ —> . 

Proof. Clearly (iii) implies (i), which in turn implies (ii). To see that (ii) implies (i), 
note the identity 

[ug,vh}=g u h™(g- 1 r(h- 1 r u - 1 [u,v], 

where g a := aga~ l . It follows that fy may be written as a product of terms of the 
form 52 i-i 92 i(s , 2 i-i) _1 ( 92 i) -1 where <y( and g" are conjugate to gj by products of the U{. 
Since the U{ lie in Syrnp^, Flux( 5 )) = Flux(< 7 ") = Flux^j. Hence Fluxy = Flux / = 0, 
and y G Ham. 

It remains to show that (i) implies (iii). As in the proof of Proposition II .81 given in 
§1, it suffices to find a section 

a : vr 0 (Symp H ) -> Symp H , a cr a G Symp a , 

such that 

(2.6) 1(J a 1 e Ham, a, fl G 7 To(Symp). 

We first define a on the commutator subgroup [ 7 ro(Symp^), 7 To(Symp^)]. When a 
lies in this group then the component Symp a contains elements that are products of 
commutators. We define cr a to be such an element. Then a a is well defined mod¬ 
ulo an element in Ham because [Syrnp^, Symp^] n Symp 0 = Ham by assumption. 
Hence EH) holds for these a. Now we extend by hand, defining a lift on the abelian 
group 7 ro(Symp^)/[ 7 To(Symp^), 7 To(Symp^)]. This is easy to do on the free part, and 
on the torsion part one uses the divisibility of id 1 (Af; M)/T. Note that F is necessarily 
continuous since it is continuous on Symp 0 . □ 

3. Bundles with structural group Ham s 

This section contains the proofs of the main results about the group Ham s and the 
obstruction class. In EH we give a simple proof that Symp^ 40 ^ has the extension 
property (Proposition II.ll) . Because Ham s is geometrically defined, a similar argument 
shows that Ham s has the extension property when restricted to bundles P —► B where 
tti(B) acts trivially on F/i(M;Q). However, in the case when [w] is integral, the analo¬ 
gous statement for Ham sZ holds only under additional hypotheses: see Proposition EH 
We start H3.2l bv defining the obstruction cocycle O ai and proving Theorem ll .101 (As 
noted by Tsemo E0|, this is a special case of a more general theory that can be nicely 
expressed in the language of gerbes.) We then prove Propositions 11.13111.31 and 11.41 
The section ends with a proof of the stability result Proposition 11.151 
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3.1. Groups with the extension property. We begin by proving Proposition 11.11 
which states that the group Symp^ iop has the extension property. 

Proof of Proposition ll.lt Suppose first that a smooth M-bundle P —► B has a 
closed connection form li. Because the holonomy of the corresponding connection is 
Hamiltonian round all contractible loops, it defines a continuous map from the space 
of based loops in B to the group Symp /fiop . This deloops to a lift B —> B Symp ffiop 
of the classifying map for P —* B. Therefore the classifying map of any bundle with a 
closed connection form does lift to B Symp^ top . 

Conversely, consider the universal M-bundle 

M Symp«-^£Symp^. 

It suffices to show that the fiberwise symplectic class a = [a;] extends to a class a £ 
H 2 (M Syinp mop ; M). If not, there is a map of a finite CW complex X —> B Symp Htop 
such that the fiberwise symplectic class in the pullback bundle M —► Px —► X does not 
extend to Px- By embedding X in Euclidean space and replacing it by a small open 
neighborhood, we may assume that X is a smooth (open) manifold. Hence we may 
suppose that M Px —► X is smooth. Since the structural group is Symp ffiop this 
bundle has a symplectic connection with holonomy in Symp^ iop . The holonomy round 
contractible loops lies in the identity component of Symp^ iop and hence is Hamiltonian. 
Therefore the Guillemin-Lerman-Sternberg construction provides a closed connection 
form r on Px that defines this connection: see [HI Thm 6.21], Since [r] £ H 2 (Px ) 
extends [a;], this contradicts our initial assumption. □ 

Corollary 3.1. Let Ti be any subgroup of Symp whose identity component is contained 
in Ham. Consider the universal M-bundle 

M -*■ M h -*• BH. 

Then the fiberwise symplectic class a := [w] extends tod £ i7 2 (M^;M). 

Proof. The hypothesis on Ti implies that the inclusion Ti —> Symp factors continuously 
through Symp Htop . Therefore the class a £ H 2 ( M Symp m op ; M) constructed above pulls 
back to H 2 (Mt-i). □ 

Lemma 3.2. If = Z then the universal M-bundle over B Ham sZ carries an ex¬ 
tension of [a;] that takes integral values on all cycles lying over the 1-skeleton of the 
base. 

Proof. The universal M-bundle over B Ham sZ carries a connection with holonomy in 
Ham sZ . Since this has Hamiltonian holonomy round closed loops, the GLS construction 
shows that it is given by a closed connection form II. We claim that [Q] takes integral 
values on all cycles in 7 t _ 1 (Hi), where B\ is the 1-skeleton of BHam sZ . 

Since [a;] is assumed integral, we need only check that [H] takes integral values on 
cycles C( 7 , 5) formed as follows. Suppose that 7 is a closed path in the base with 
holonomy m 7 : M —> M that fixes the class <5 £ H\(M] Z). Choose a loop Is i n M such 
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that (is) = s(5), and define C( 7 , 5 ) to be the union of the cylinder C' formed by the 
parallel translation of is around 7 with a chain C" in M with boundary is — m^(is). 
Now observe that since Ll = 0 on C and m 7 E Ham sZ , equation El implies that 

[ Q = [ u = -Ff (m 7 ) E C Z. 

JC( 7 ,5) fC" 

This completes the proof. □ 

Proposition 3.3. (i) Let P B be a symplectic bundle over a finite simplicial complex 
B such that tti(B) acts trivially on Hi(M;M). Then P has a closed connection form 
iff the classifying map for P —> B lifts to L>Ham s . 

(ii) Let 7 T : P —> B be a symplectic bundle over a finite simplicial complex B such 
that tti(B) acts trivially on iLi(M;Z). Suppose further that either H2(B]7 j) is free 
or P —>■ B admits a section over its 3-skeleton. Then P has a closed and integral 
connection form iff the classifying map for P —► B lifts to B Ham sZ . 

Proof. Corollary 13.1 1 shows that every Ham s -bundle has a closed connection form. Con¬ 
versely, suppose that P —> B has a closed connection form. Then the restriction map 
H 2 (P;M) — ► iL 2 (M;M) contains [tu] in its image. Because Q is a field, the restric¬ 
tion map H 2 (P;V2) —> H 2 (M;V2) also contains [<u] in its image. Choose a class 
a E H 2 (P-V2) that extends [<u]. Thurston’s construction (cf. P3I Thm 6.3]) provides 
a closed extension LI in class a. We claim that the holonomy of Ll round loops 7 in the 
base B lies in Ham s . Granted this, one can use the local trivializations given by hi to 
reduce the structural group to Ham s . 

To prove the claim, observe that because 717 (B) acts trivially on L/i(M;M) one can 
use the connection defined by hi to construct for each loop 7 in B a 2-cycle 
as in Lemma ro where [<y runs through a basis of Then, the hl-holonomy 

7710 ( 7 ) ■ M —* M round the loop 7 in B satisfies the identity: 

F s (mnhWi) = - [ LleV®. 

JcL/jSi) 

Hence 771 ^( 7 ) E Hand. This completes the proof of (i). 

Now consider (ii). If P —> B has an integral closed connection form, then the ar¬ 
gument given above shows that its structural group reduces to Ham sZ . Conversely, 
Lemma E3 shows that any bundle pulled back from B Ham sZ has a closed connection 
form Ll that takes integral values on cycles lying over B\. In other words, [fl] takes 
integral values on the elements in ker 7 r* : H 2 (P]TL) —> iL 2 (H;Z). Hence the homo¬ 
morphism H 2 (P',Tj) —> M/Z induced by [O] may be written as a composite / o 7 r*, 
where / : H 2 (B;Z) —► M/Z. It suffices to check that / lifts to a homomorphism 
/? : i? 2 (B;Z) M. Thus we need / to vanish on the torsion elements of H 2 (B]T,). 
This is obvious if iL 2 (H;Z) is free, while, if there is a section over the 3-skeleton, / 
vanishes on the torsion classes in B because they lift to torsion classes in P. □ 

We show in the next section that part (i) of this proposition extends to arbitrary 
bundles. However the integral case is more subtle. Example 14.21 shows that when [lo\ 
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is integral there might be manifolds (M,co) for which there is no group that classifies 
symplectic M-bundles with integral closed connection form. Moreover the following 
example shows that the obstruction to the existence of an integral extension of [<u] does 
involve the 3-skeleton of B. Take the universal 5 2 -bundle P —> B SO(3), and provide S 2 
with a symplectic form ui in the class that generates H 2 (S 2 ', Z). Then the first Chern 
class c := cy ert of the vertical tangent bundle extends 2[u)\. But to has no integral 
extension; c/2 is not integral (the restriction of P over the 2-skeleton is the one-point 
blow up of CP 2 ) and [w] has a unique extension because H 2 (B SO(3);Z) = 0. 

3.2. The obstruction class. Let A be a countable subgroup of P 1 (Af;M) that con¬ 
tains T and is invariant under the action of vro(Symp). Denote by „4 .a the quasitopologi- 
cal abelian group H 1 ( M ; R)/A. As explained in Rema,rk |2.fil A a is homotopy equivalent 
to a K(tt, 1) with tti isomorphic to the free abelian group A. Let F\ : Symp —► Aa be 
a crossed homomorphism whose restriction to Symp 0 factors through Flux. Denote its 
kernel by Ha- The next lemmas hold trivially when A = 0, for in this case the inclusion 
Ha — 1 ► Syrnp is a homotopy equivalence. 

Lemma 3.4. There is an obstruction class 

Of GP 2 (£Symp;A), 

such that the classifying map f : B —> B Symp of a symplectic bundle lifts to BHa iff 
0*(0f) = 0 . 

Proof. Suppose first that A is a discrete subgroup of H 1 (M; M) so that A a is a topo¬ 
logical (rather than quasitopological) space. Consider the fibration sequence 

Ha -> Symp ^ A a, 

that identifies A a as the homogeneous space Symp /Ha- There is an associated homo¬ 
topy fibration 

Aa —> BHa —> B Symp . 

Because A a is a K(n, 1), there is a single obstruction to the existence of a section of 
this fibration, namely a class Of € H 2 (B Symp; 7 Ti(*4a)) = P 2 (PSymp; A). 

In the general case, we should replace A by the homotopy quotient Symp //TLa and 
consider the homotopy fibration 

Symp HU a -> Symp \ Symp //TLa —* Symp \ *, 

where * denotes the one point space, and the notation G\X//H denotes the realization 
of the topological category formed from the action of the group G x H on X, where G 
acts by multiplication on the left and H by multiplication on the right. As explained 
in m, Symp \ Symp is contractible, and so Symp Symp //Ha = (Symp ^ Symp) //Ha 
is homotopy equivalent to BHa- Hence the above fibration is a model for A a —> 
BHa —> B Symp, and the argument proceeds as before. □ 
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We now suppose that A = H 1 (M] A'), where A 7 is some countable subgroup of M 
containing the integral periods V J of [a;]. Thus [a;] G H 2 (M; A 7 ). In the next lemma 

4 : H 2 (M- A 7 ) H 2 (S Symp; H l (M ; A 7 )) 

denotes the second differential in the Leray-Serre spectral sequence for the cohomology 
of M Symp —> B Symp with coefficients A 7 . 

Lemma 3.5. O^ = 4([ a; ])• 

Proof. Give B := B Symp a CW decomposition with one vertex * and fix an identifica¬ 
tion of the fiber M* over this vertex with M. We shall show that both Ojf and 4(M) 
may be interpreted as the first obstruction to defining a closed connection form fl over 
the 2-skeleton B 2 of B whose monodromy round the loops in B\ lies in Ha- Note that 
because every loop in B is homotopic to one in B 1 and because Ham C Ha, any such 
connection does have monodromy in Ha and hence does define an ?fA-structure. 

Choose a closed extension fl 7 of uj over the 1-skeleton B\ of B. Since Ha intersects 
every component of Symp we may suppose that the holonomy of Q' is contained in Ha- 
Let a : D —> B 2 be a 2-cell attached via a : dD —► B\. Choose an identification T 
of the pullback symplectic bundle 7td : a*(Ms ymp ) —»• D with the product D x M —► 
D that extends the given identification A/* = M. Then A is well defined modulo 
diffeomorphisms of D X M of the form (z,x) 1 —> (z,ip z (x)) where ip z G Symp 0 ,-i/i* = id. 
Hence the induced identification of H 2 {j:f^ (dD)) with H 2 (S l x A/; A) = H 2 (M; A) © 
H 1 (S 1 ] Z) © H 1 (M; A) is independent of choices. 

Consider the pullback Q' D of Q,' to dD x M. Let ht,t G [0,1] be the family of 
symplectomoi'phisms defining its characteristic flow, i.e. for each x the paths (t,ht(x)) 
lie in the null space of Q' D . Then Q' D represents the class [cu] + [dt] x od in H 2 (S l x M ; A) 
where od = Flux({/ty}). Since h\ G Ha by construction, ap G A := H 1 (M] A 7 ). Note 
that Q' d extends to a closed form over nf ) 1 (D) iff ap = 0. Hence the cocycle D i—> ap 
represents the obstruction class Ojf. It is also clear from the interpretation of c ?2 via 
zigzags given in Bott-Tu [2, Thm 14.14], that this cocycle also represents 4(M)- The 
fact that we only consider forms IT over B\ with monodromy in Ha corresponds to the 
fact that we restrict the coefficients to A 7 . □ 

Corollary 3.6. Suppose that A 7 is divisible, i.e. is a module over Q. Then the group 
Ha has the extension property. 

Proof. Since A 7 is divisible, 4(M) = 0 iff ^([o;]) = 0 in the spectral sequence with 
coefficients M. Since 4([ u; ]) ai so vanishes by Lemma ll.61 it follows that a symplectic 
bundle has a H A-structure iff it has a closed connection form. □ 

In particular, this proves Corollary II .1 11 We now prove the other statements in §1.2. 
When A 7 = V u , the rational period group of [a;], we denote Ojf =: O ai . 

Proof of Theorem II .1 01 Part (i) is an immediate consequence of Lenuna 13.51 
Now suppose there is an extension F : Symp —► H 1 (Af;M)/T of Flux. The proof of 
Lemma 13.51 shows that the image of 0 P r G H 2 {B Symp; T) in H 2 (B Symp; H 1 (M;V U} )) 
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is d^Qu;]) = O m . Thus O ai takes values in T. Hence it remains to prove the converse, 
i.e. that Flux extends if O ai takes values in T. 

As in the proof of Proposition 11.81 given in §1, it suffices to find a section 

a : 7r 0 (Symp) -»• Syrnp, ex i > <r Q £ Symp a , 

such that 

(3.1) e Ham, a,f3€ 7r 0 (Symp). 

To do this, consider the hbration sequence A —> BHam s —> B Syrnp of Lemma 111. 41 By 
assumption the obstruction to the existence of a section s : B Syrnp —► FHam s is an 
element of Lf 2 (HSymp;T) where T is identified with its image in Hq = 7Ti(* 4). This 
means that for any compatible CW structures put on BHam s and B Syrnp one can 
choose a map s : (HSymp)i —► (HHam s )i (where B± denotes the 1-skeleton of B ) so 
that 7T o s ~ id and so that the corresponding obstruction cocycle takes values in T. 
Choose a CW structure on B Syrnp with one vertex, and one 1-cell I x g a for each 
component a £ 7To(Symp). (This is possible because 7To(Symp) is countable.) Then for 
each pair a, /3 in 7To(Symp) there is a 2-cell c a $ with boundary (/ xg a /^)~ 1 (Ixg a )(Ixgp)- 
(There are other 2-cells in B Syrnp coming from the 1-skeleton of a CW decomposition 
for Symp, but these are irrelevant for the current argument.) We define a CW structure 
on 5Ham s in a similar way. Then the map s takes each 1-cell I x g a in B Symp to 
a loop in (FHam s )i. This loop is given by a word w a in the elements of Ham s that 
represents an element h{w a ) in Ham s n Symp a . 

The obstruction to extending s over the 2-cell c a p is the homotopy class in BHam s 
of the loop corresponding to the word (w a p)~ l w Q Wj 3 . This can be identified with the 
homotopy class 

[h(w a pY l h(w a )h(wp)\ £ 7r 0 (Ham s n Symp 0 ) = H 1 (M\'Pu)/T 

of the element h{w a p)^ l h{w a )h{wp). To say the obstruction 0 M {c a ^p) takes values in 
T means that this class lies in 7To(Ham s ) = Ham. Hence it is always possible to extend s 
over these 2-cells (though it may not extend over the other 2-cells in B Symp). Further 
if we define the section a : 7To(Symp) —> Symp by cr(a) := h(w a ) then the identity (13.11) 
holds. This completes the proof. □ 

Remark 3.7. We sketch an alternative way to prove this result based on the ideas in 
Kedra-Kotschick-Morita J51 - Suppose that O ai takes values in F but does not vanish 
on the 2-skeleton L >2 of B Symp. Then one can form a new bundle P' 2 —■* B 2 with 
vanishing obstruction class by appropriately twisting the given bundle over each 2-cell 
c in L >2 for which O m (c) A 0> f° r each such c change the bundle by taking the connect 
sum with an appropriate bundle Q —» S 2 . By construction there is a closed connection 
form Q 1 on P 2 . Since we did not change the bundle over B i, the construction in [3J 
Theorem 6] gives a class [F] £ H 1 [(B Symp s )i', H 1 (M-R)). (As described in §4.2, this 
is induced by the difference [u;] — £ H 2 (t*(Pi)\ M), where t : BSymp 5 —> B Symp.) 

This class [F] is represented by an Eilenberg-MacLane cochain on the group Symp 5 
with values in iL 1 (M;M). However, because we changed the bundle over the 2-cells, it 
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satisfies the cocycle condition only when projected to the quotient H l (M ; M)/T. Hence 
it gives rise to a crossed homomorphism Syrnp —> IF 1 (M;R)/r that extends Flux. 

We next turn to the proof of Proposition II . 1 hi which we restate for the convenience 
of the reader. Since (ii) and (iii) are obviously equivalent, we omit (ii) here. 

Lemma 3.8. The following conditions are equivalent. 

(i) There is an extension F : Symp (M,ui) —> H 1 (M;R)/T of Flux. 

(ii) For every product of commutators • • • \u 2 p- 1 , U2p], Ui E Symp, that lies in 

Sympg, there are elements gi,...,g^ v E Symp 0 such that 

[u\g\ , 112 . 92 ] • • • [u 2 p-ig 2 p-i,U 2 p 92 p] € Ham . 

(iii) For every symplectic M-bundle P —> £ there is a bundle Q —► S 2 such that the 
fiberwise connect sum PjfQ —> 'TffS 2 = £ has a closed connection form. 

Proof. Because O m E H 2 (B Symp; FL 1 (M ; Vu)) where V w is divisible, H lies in the 
image of H 2 {B Symp; T) iff its pullback over every map (f : £ —> B Symp takes values 
in r. Since T is the image of 7 Ti(Symp) under the Flux homomorphism, for every 
element 7 E T there is a corresponding M -bundle Q —► S 2 which is classified by a map 
4> : S 2 —> HSyrnp such that cf*(0 M )([S 2 ]) = 7 . Further if cf : £ —> HSymp classifies 
the bundle P —* £ and if : S 2 —> B Symp classihes Q —> S 2 , the fiber connect sum 
PjfQ —» £ is classified by 4> V if : V S 2 —* B Symp. Therefore the equivalence of (i) 
and (iii) follows immediately from Theorem EM ii). 

To see that (i) implies (ii) observe that if we write TL := kerF 1 , then the quotient 
group TL/ Ham is isomorphic to 7To(Symp) because TL n Symp 0 = Ham. Hence any 
representation in 7To(Symp) can be lifted to the subgroup TL/ Ham of Symp/Ham. 
This immediately implies (ii). 

It remains to show that (ii) implies (iii), which we do by direct construction. Consider 
any symplectic bundle n : P —> £ fl . Decompose it into the union of a trivial bundle 
M x D —> D over a 2-disc with a symplectic bundle P' £ 9 \ D. Choose a flat 
symplectic connection fT on P' whose holonomy round the generators of 717 (£ ff ) is given 
by elements rq E Symp. Since the symplectic trivialization of 7 r over D is determined 
up to a Hamiltonian isotopy, there is an identification of dP' with M x S 1 that is well 
defined up to a Hamiltonian loop gt E Ham, t E M/Z. Thus the holonomy of fl' round 
dP' gives rise to a path ht from the identity to / := [wi, u?\ ■ ■ ■ [u 2 g-i,U 2 g \ that is well 
defined modulo a Hamiltonian loop. Hence Flux({/ii}) E Ff 1 (M;M) depends only on 
the choice of flat connection ii'. By (ii) we may homotop the u t (or equivalently choose 
IT) so that / E Ham. Thus the obstruction )([£]) = Flux({/ii}) lies in F. □ 

Proof of Proposition 11.31 Let TL be a subgroup of Symp with identity component 
Ham and consider the image Irn(7To(7h)) of tto(TL) in 7To(Symp). If TL has the modified 
extension property then we must show that the intersection with Im(7To(W)) of every 
finitely generated subgroup G of 7To(Symp) has finite index in G. But otherwise there 
would be a map of a finite wedge V of circles into B (TTo(Symp)) such that no finite 
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cover V of V lifts into the image of BTL in P(7To(Symp)). Since any bundle over a 
1-complex has a closed extension form, this contradicts our assumption on TL. 

Conversely, assume that the cokernel of Im(7r 0 (?f)) in 7r 0 (Symp) has the stated finite¬ 
ness properties and let Symp w be the subgroup of Symp consisting of elements isotopic 
to TL. If P —> B is classified by a map into BTL then it has a closed connection form by 
Corollary IM.II Therefore we just need to see that if 0 : B —> B Symp classifies a bundle 
with a closed extension form its pullback over some finite cover B —> B lifts to BTL. 

Observe first that the composite map tt\(B) —> 7ro(Symp)/7To(Symp w ) has finite 
image by hypothesis. (Recall that we always assume tt\(B) is finitely generated.) 
Therefore we may replace B by a finite cover such that the pullback bundle P —>■ B 
is classified by a map (f> : B —» PSymp^. Set A C equal to the (discrete) 

group Flux(?f n Symp 0 ), and then define a crossed homomorphism 

F : Symp H -► H l (M-R)/A 

as in the proof of Proposition 11.81 given in m Because the bundle P —> B has a 
closed connection form, the class <f>* (d -2 ([u;]) vanishes in H 2 (B\ H 1 (M ; R)). The proof of 
Lemma fd.5l shows that this class is the image of Ojf E H 2 (B ; A) under the map induced 
by the inclusion A —> i^ 1 (M;M). By pulling back over a further cover if necessary, we 
may suppose that P 2 (P; A) has no torsion. (Since tti(B) may act nontrivially on the 
coefficients A, it is not enough to assume that Pi(P;Z) is free.) Hence this map is 
injective and O^ = 0. Thus 4> lifts to BTL as required. □ 

Proof of Proposition 11.41 The first claim is that Ham has the modified restricted 
extension property. This is a corrected statement of the conclusions that one can 
draw from the proof of Theorem 1.1 in m- The claim also follows by arguing as in 
the proof of Proposition II .81 using Flux instead of F s ; the argument can be greatly 
simplified because the group Symp 0 acts trivially on the coefficients. Here one should 
also note that if the cover B —> B is chosen so that Pi(P;Z) has no torsion, then the 
boundary map <5 : H 1 (R; Pr/Pq) — > H 2 (B] Hq) vanishes. 

The second claim is that when T / 0 the group Ham does not have the extension 
property. To see this choose a nonzero element (3 E I7 1 (M;M) \ F such that 2/3 E T 
and then choose g E Symp 0 with Flux((/) = /3. Consider the bundle P —> MP 2 that is 
formed from the mapping torus bundle 

M g := M x [0,1]/(x, 1) ~ (gx, 0) — P 1 

by attaching M x D 2 by the map (x, e 2mt ) i—>• (g t (x), 2 1) where gt is a path in Ham from 
the identity to g\ := g~ 2 E Ham. The flat connection on M g pulls back to a connection 
with Hamiltonian monodromy round the boundary M x 3D and so extends to a closed 
connection form over the rest of P: cf. the proof of Lemma Id.51 

We claim that this bundle has no Hamiltonian structure. To see this consider the clas¬ 
sifying map (j) : RP 2 —► B Symp 0 . Just as in the discussion before Lemma fj.41 the homo¬ 
morphism Flux : Sympg —> Pr/T defines an obstruction class £ P 2 (-B Symp 0 ; T) 
such that (^(Op 2 ) vanishes iff the bundle P —► RP 2 has a Hamiltonian structure. Since 
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P(Pr/T) is a K(T, 2), this class is the pullback to B Symp 0 of the canonical generator 
of H 2 (K (r, 2); r). We claim that the composite map 

RP 2 -4 B Symp 0 -> P(P R /T) = K(T, 2) 

is not null homotopic. Since RP 2 is the 2-skeleton of RP°° = K (Z/2Z; 1) and K(T, 2) is 
homotopy equivalent to a product of copies of BS 1 , this assertion is equivalent to saying 
that under the map P(Z/2Z) —> BS 1 induced by the obvious inclusion {±1} —> S 1 
the generator of H 2 (BS l ] Z/2Z) pulls back to a nonzero element of P 2 (MP 2 ; Z/2Z). 
This is well known. For a direct proof identify the 2-skeleton of BS 1 = C P°° with the 
quotient S 3 /S 1 and observe that the Z/2Z-equi variant map 


S 2 —> S 3 , (r, s, t) (r + is, -^=(i + it)^j G S' 3 C C 2 , 

descends to a map MP 2 —► S' 2 of (mod 2) degree 1. 


□ 


3.3. Stability. We finally discuss the question of stability. 

Proof of Proposition IT715L Let J\f(u) be a path connected neighborhood of u in the 
space of forms annihilating V 2 (P) such that P —> B has an u/-symplectic structure for 
all u' G A f(uj). Our aim is to shrink A f(u) so that each such uJ has a closed extension 
to P. We claim that for each map ip : £ —> B of a Riemann surface into B there 
is a homologous map : S' —> P such that the pullback bundle over X 7 admits a 
closed extension of a/, provided that c J is sufficiently close to uj. Granted this, we may 
choose A T(u>) so that this holds for a finite set of ipi that represent a set of generators 
for H- 2 (M;R ) and all 1 o' G AT(u>). It follows that the obstruction class O^ must vanish 
when pulled back to P, i.e. that (M, lo') —> P —>• P has a closed connection form when 
a/ G 

To prove the claim, consider a map if) : X := T, p —> P. As in the proof of Lemma 13.81 
we may assume that the pullback bundle ip* P —» X has a flat w-symplectic connection 
over X \ P 2 whose holonomy y around the boundary of the disc D 2 may be expressed 
as: 

U := [u\,U 2 ] ■ ■ ■ [u 2 p-i,U 2 p] G Ham (M,u), u t G Symp(M,w). 

Since Ham(M, uj) is a perfect group, we may, by increasing the genus of X and choosing 
the flat connection on the extra handles to have Hamiltonian holonomy, assume that 
y = id. By hypothesis on the deformation a/, we can choose: 

• a path ut from uq := u to u\ := u' in AA([<u]), and 

• C 1 -small paths gu G Diffo(M) such that utgu G Syrnp (M,ut) for all i and t G [0,1]. 
(These may be constructed using the Moser method.) 

Since y = id the smooth path 

Vt = [ui9lt,U292t] ■ ■ ■ [«2p-l<7(2p-l)t> u 2p9(2p)t] 
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is C ll -small and lies in Symp 0 (M, ut) for all t. If we could arrange that yt G Ham(M, uit) 
for each t then the connection could be extended to a Hamiltonian connection over the 
disc for all t and the proof would be complete. 

We do this in two stages. First we modify iJj : £ —> B to a map ip' : T,' —> B so that 
yt G Ham s (M, uj t ) n Symp 0 (M, uj t ) for all t. To this end, consider the subspace V 1 of 
H l (M ; M) generated by the elements u*a — a, where i = 1,, 2 p, and a runs through 
the elements of H 1 (M;R). If the elements a, b G Symp(M, u>) are each homotopic to 
some ut, i = 1,..., 2p then 

F s ([a, b ]) = F s (6 _1 ) + + (crV 1 )*^) + (ba^b^yPya) 

= —b*F s (b) + (a~ 1 b~ 1 )* F s (b) - (b^y^F^a) + (ba^b^yF^a), 

which is easily seen to lie in V 1 /(V 1 n F[ 1 {AI]V L0 )y Hence 

F^ev'Kv'nH^MiVut)), t G [0,1]. 

By compactness we can therefore find a finite collection of smooth families (vjt , ajt),j = 
1,... ,m, such that 

m 

^2 v j a ji — a jt G FutiVt) + t G [0,1], 

3 =1 

where each Vjt G Symp(M, uj t ) is a product of the elements i = 1,... ,2 p, and 

Ujt is a path in FI 1 (M;M) with initial point ctjo = 0. 

For each pair ( Vjt,ctjt ) choose a path hjt in Symp 0 (M, ut) starting at id such that 
Flux^ t hjt = ajt.. Then 

Flux^ [v~y, h~ t l ] = a jt - v* t a jt =: {3 jt . 

Therefore there is a fibration M —> Qj —> T 2 that admits an wj-symplectic structure for 
each t and a flat connection over T 2 \ D 2 whose boundary holonomy has flux / 3jt. As 
an cut-symplectic bundle, Qj is pulled back from a bundle over S 1 with holonomy Vjt- 
Our choice of Vjt implies this bundle is a pullback of P —> B by some map ipj : S 1 —* B 
that we can assume to be independent of t (since the holonomy /3j t depends only on the 
homotopy class of Vjt ) However the connection varies smoothly with t. Therefore we 
can change the flux F^, (yt) of the boundary ^-holonomy of the chosen flat connection 
on f*P —> (X \ D 2 ) to F* (yt) + /3jt by replacing : S —> B by the homologous map 

: S#T 2 - B. 

Repeating this process for j = 1 ,... ,m allows us to perform the required modification. 

Therefore we have now arranged that yt G Ham s (M,ut) (~l Symp 0 (Af, uj t ) for all t. 
The following continuity argument shows that in fact yt G Ham (M,ujt) for all t, which 
finishes the proof. 

Observe that for each [i] G H\ (M) and t G [0,1], the number 

®(t)[£\ := I 4>*ti^t € M, where <j>t,e(r,s) := y r (f(s)), 

J[0,«]xS' 1 
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projects to Ff t (y t )([£]) G ~R/V Ut . Since, by assumption, y t G Ham s (M,ca t ), we find that 
<^{t)[£] G for all t. But $(t) varies continuously with t and 4>(0) = 0. Hence the 
fact that V 2 (u)t) 2 V 2 (w) implies that <h(f) = 0 for all t. It remains to check that <b(f) 
projects to Flux Wt (yt) G H 1 (M;M.)/F UJt for all t G [0,1]. But because the yt are C 1 - 
small, for each fixed t G [0,1] the path {y r }re[o,t] ma Y be canonically homotoped to a 
path {y' r t}r£[o,t] i n Hamby a Moser process that fixes its endpoints. Flux^ (yt,) 
is given by integrating ut over the corresponding chain <p' t : [0, t] x S 1 —> M. Since this 
is homotopic to (j) t / : [0,t] x S 1 —> M mod boundary, we find that d>(t) = Flux^ t (yt) 
mod r wt , as required. 

□ 


4. Further considerations 

We begin by collecting together various observations about the groups Ham sZ in the 
case when V = Z. We then explain some situations in which F s lifts to a crossed 
homomorphism with values in H 1 (M] M)/r. This is followed by a short discussion of 
c-Hamiltonian bundles and covering groups. 

4.1. The integral case. We shall assume throughout this section that = Z. Many 
(but not all) of our results have some analog in the general case. 

We begin by considering the integral analog of Lemma 12.51 If H\ (M ; Z) is torsion 
free, then Lemma 12.21 applies and the whole of this lemma extends. But if this group 
has torsion then it is possible that (ii) does not hold. 

Lemma 4.1. Suppose that V„ = Z and set Tor := Tor(Hi(M; Z)). Then: 

(i) Ff induces a crossed homomorphism C s : 7To(Symp) —> Hom(Tor, M/Z), whose 
kernel equals the image o/7To(Ham sZ ) in 7To(Symp). 

(ii) The image [C s ] of C s in H^. M ( Tor; M/Z) is independent of the choice of s. In 
particular, if Symp acts trivially on Tor then the kernel of C s is independent of the 
choice of splitting s. 

(iii) There is a splitting such that C s = 0 iff [C s ] = 0. 

Proof. We saw in Lemma 12.51 that if [i\ has order N there are precisely N distinct 
elements of order N in the coset irif 1 ([^]), namely (£) — (q^+^/Tv) for i = 0,..., N — 1, 
where y is the area of a chain W that bounds N£. Since Symp 0 is a connected group 
it must act trivially on these elements. Therefore, for each g G Symp the restriction of 
Ffig) to the torsion elements in H\[M\ Z) depends only on the image of g in 7To(Symp). 
This shows that C s exists. Its kernel obviously contains the image of Ham sZ . To 
complete the proof of (i) we must show that if Ff(g) vanishes on Tor then g may be 
isotoped to an element in Ham sZ . But this holds by the proof of Lemma 12.21 (Note 
that we may assume that dim M > 2 here since otherwise Tor = 0.) 

Statement (ii) holds by the argument of Proposition 12.41 given a splitting s of nz 
over Tor, any other splitting s' : Tor —> T^^Tor) has the form s + ("fg([£])) where 
/? G Hom(Tor; M/Z). (iii) is an immediate consequence of (ii). □ 
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Example 4.2. (i) We again assume that = Z. Suppose that for some g E Symp 
there is a loop £ such that \l] has order N > 1 in Tor and there is a 2-chain W with 
boundary g(£) — l and area i/N, where 0 < i < N. Then C s (g) / 0 for all splittings s, 
and there is no splitting such that g is isotopic to an element in Ham sZ . Note that the 
corresponding mapping torus bundle 

M g := M x [0,1]/(x, 1) ~ (gx, 0) — S 1 

has a closed connection form but not one that is integral. 8 Equivalently, g does not fix 
any integral lift r E H 2 (M] Z) of [w]. 

(ii) The following yet more intriguing situation cannot be ruled out in any obvious 
way. Suppose that Tor = Z/2® Z/2 is generated by the elements [£} and [t'\ which are 
interchanged by two symplectomorphisms h \, h 2 . Suppose further that 

(hue) + (h 2 U£), (hlU£) = (h 2 2 U£) = (£). 

Then g := h\h 2 fixes [£] but acts nontrivially on (£) and so has the properties assumed 
in (i) above. Now consider the splittings s* defined by 

Si [£} = (£), s i [£'] = (h i {£)), i = 1,2. 

Then hi E Ham 5 ’ 2 by construction. The corresponding mapping tori My H have Ham s ’ 2 - 
structures and so Lemma 1-1.21 implies that each supports a closed integral connection 
form. But their fiber connect sum P —> V := S 1 V S' 1 does not, since one of its pullbacks 
is the bundle M g —> S 1 considered in (i). Indeed, the torsion in H] {M ; Z) creates new 
terms in H 2 (P; Z) on which any closed connection form is nonintegral. But if every M- 
bundle with closed integral connection form is pulled back from some universal bundle 
V —> B with this property, then P —> V would also be such a pullback, and hence would 
also have a closed integral connection form. Thus, if Symp(M, u) contains elements 
hi,h 2 as above there is no universal M-bundle V —> B with closed integral connection 
form. 

A similar argument applies whenever there are two splittings s*, i = 1,2, such that 
the images of Ham 5 ’ 2 in 7To(Symp) are different. It follows from Lemma, 14.41 that this 
happens iff there are integral lifts r t , i = 1,2, of [lo\ that are stabilized by different 
subgroups of 7To(Symp). To get around this difficulty, one must reformulate the classi¬ 
fication problem: see GaEK§dra 0. 

We next explain a very natural way to think of a splitting of 7Tz when V J = Z. 
Denote by r E H 2 (AI; Z) some integer lift of [cu] and by p : L T —y M the corresponding 
prequantum complex line bundle. Choose a connection 1-form a on L := L T with 
curvature da = Then a determines a splitting 

£ •— Sa 


^This example is very similar to that in the proof of Proposition I I .41 But now {£] E Hi (M ; Z) is a 
torsion element, and g is not isotopic to the identity though it acts trivially on [P\. 
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as follows. By Stokes’ theorem the a-holonomy round a nullhomologous loop £ in M 
is multiplication by 

(4.1) exp(27ri / cu), where dW = l. 

Jw 

(To see this observe that any such W can be cut open until it is a disc and so can be 
lifted to a 2-disc W in L whose boundary projects to the union of £ with some arcs 
that are covered twice, once in each direction.) Therefore the holonomy of a defines 
a homomorphism m a from the group Z\ (Af) of integral 1-cycles in M to M/Z that 
factors through SHi(M, Z). Now set s a [£\ to be the unique element in vr^ 1 ^] in the 
kernel of m a . In other words, we choose s a [£ ] so that the a-holonomy round this loop 
vanishes. Two connection forms a, a' on L T differ by the pullback of a closed 1-form 
f3 on M. Hence if [£] is a torsion class the element s a [£] is independent of the choice 
of a. Therefore each integer lift r of [cu] determines a family of splittings s := s Q that 
give rise to the same element C s £ Hom(Tor, M/Z). 

Definition 4.3. We say that a splitting s := is r-canonical if it has the form s a 
for some connection form a on the prequantum bundle p : L r —> M. 

Lemma 4.4. (i) Each splitting s is r-canonical for a unique bundle L T —> M. 

(ii) Two connections forms a , a' on L —> M give rise to the same splitting iff a — a' is 
the pullback of an exact 1-form on M. 

(iii) Any two r-canonical splittings s, s' of irz are homotopic. Moreover the correspond¬ 
ing groups Ham sZ and Hand z are conjugate by an element of Symp 0 . 

(iv) If s is r-canonical, the image of ttq( Ham sZ ) in 7To(Symp) is the stabilizer of r in 
T) (Syrup). 

Proof. Statement (ii) is immediate from the construction. To prove (iii) note that 
two connection forms a, a' on L r differ by the pullback of a closed 1-form (3 on M. 
Hence the corresponding splittings s Q and s a i can be joined by a path of splittings that 
are constant on the torsion loops. The proof of Lemma 12.21 shows that this path can 
be lifted to an isotopy in Symp 0 . Therefore Ham sZ and Ham s z are conjugate as in 
Lemma ED 

To prove (i) note that the set of integer lifts r of [cu] is a coset of the torsion subgroup 
TorH 2 (M;Z), while the set of splittings of nz is a coset of Hom(Hd(M;Z);M/Z) = 
H 1 (M; M/Z). By (iii) we have set up a correspondence r e-> s a between the set of 
integer lifts and the components of the space of splittings. Since these are finite sets 
with the same number of elements, we simply have to check that this correspondence is 
injective. In other words, we need to see that the isomorphism class of L is determined 
by the set of loops that are homologically torsion and have trivial a-holonomy (where a 
is any connection 1-form.) But this is an elementary fact about complex line bundles. 
In fact, given bundles L, L' with connections a, a' that have the same curvature and 
have trivial holonomy round a set of loops generating Tor(^Z’i(M;Z)), one can adjust 
a' so that the monodromies agree on a full set of generators for Hi(M;Z) and then 
construct an isomorphism between the two bundles by parallel translation. 
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Finally note that by Lemma, 1-1.11 the image of 7To(Ham sZ ) in 7To(Symp) is the kernel 
of C s . The proof of (i) shows that if s is r-canonical then g E ker(7 s iff g*(r) = r. This 
proves (iv). □ 

We end this section by showing that when s is T-canonical the group Ham sZ has a 
natural geometric interpretation in terms of the bundle L T —> M. As in Gal-K§dra [ 3 ], 
consider the group Q := Q r of all S' 1 -equivariant automorphisms of the prequantum 
line bundle L := L r that cover a symplectomorphism of M. Then there is a hbration 
sequence of groups and group homomorphisms 

Map (M, 5* 1 ) > Q r —> Symp r , 

where the elements of Map(M, S 1 ) act by rotations on the fibers and Symp r consists 
of all elements in Syrnp that fix the given lift r E H 2 {M]Z) of [w]. Thus Symp r is a 
union of components of Symp. (Note that every g E Symp T does lift to an element 
in Q r . Indeed, since g*(r) = r there is a bundle isomorphism if : L —> g*(L). But 
this induces an isomorphism i/j(x) : L x —> ( g*L) x = L gx for all x and so is a lift of 
g.) Gal-K§dra point out that the line bundle L r —> M extends to a line bundle over 
the universal M-bundle over BQ r . Hence any symplectic M-bundle whose structural 
group lifts to Q r has an integral connection form. 

Fix a unitary connection a on L := L T and consider the subgroup Q a C Q r of all 
S' 1 -equivariant automorphisms of the prequantum line bundle L that preserve a. If s 
is the splitting defined by a. then it follows immediately from the definitions that Q a 
projects onto the subgroup Ham sZ : cf. Kostant Theorem 1.13.1]. Hence there is a 
commutative diagram 

S 1 -»• Q a -»• Ham sZ 

Map(M, S' 1 ) —> Q r -A Symp T , 

in which the top row is a central extension and the kernel S 1 of this extension is included 
in the bottom row as the constant maps. 

Now consider the quotient group Q T := Q T /M where M C Map(M, S 1 ) consists of all 
null homotopic maps M —► S 1 . The fibration over Symp r descends to give an extension 

(4.2) H\M; Z )^Q t ^ Sym Pr . 

We give a formula for its defining 2-cocycle in Remark 14.151 below. 

Proposition 4.5. Suppose that = Z. Given any r-canonical splitting s, the inclu¬ 
sion Ham sZ —>■ Symp T lifts to a continuous group homomorphism 

i : Ham sZ —> Q r 


that is a homotopy equivalence. 
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Proof. Since the induced map Q a — > Q T factors through the quotient Q a /S 1 = Ram sZ , 
we have a commutative diagram 

Ham sZ Symp r ^4 .BA 

a i 

A ^ Q r —> Symp r 

where A := H 1 (AF 1 Z). Since l induces an isomorphism on 7To by construction, it 
suffices to check that the boundary map d : 7Ti(Symp T ) —> ttq{A) = H l (M] Z) in the 
long exact sequence for the bottom row is given by the usual flux Flux : 7Ti(Symp 0 ) —> 
r C H l (M] Z). This is well known, but we include the proof for completeness. 

The space V * Symp 0 of based paths (ht) in Symp 0 acts on L by taking (x, 9) to its 
image under a-parallel translation along the path ht(x). If (ht) and (h! t ) are two paths 
with endpoint h, then 

(ht) ■ (x, 6) = X f ((h' t ) • (; x , 9)) = (h(x),6 + f(x)), 

where f(x) is the holonomy of a around the loop based at h(x) that is formed by 
first going back along h' t (x) and then forward along ht(x). When (ht) and (h' t ) are 
homotopic, the function / : M — > S l = M/Z is obviously null homotopic. Therefore 
this gives a homomorphism 

J: Symp -> Q r . 

Consider the loop <fi = {h t o (h'f)^ 1 }, and observe that / : M —> S 1 is homotopic to 
the function defined by 

f<j>(x) = a-holonomy round (j>t(x), x E M. 

Therefore f*[ds] = f£[ds], and so it suffices to prove that for any loop t in M 

Jjlids) = F1ux(0)[4 

But if ft : [0, 1] —► M is any lift of the function S 1 —> S 1 : si-> f<j>(£(s)), equation (14.11) 
implies that 

7,(1) - 7(0) = [ V*co = Flux(0)[4 

JloMxs 1 

where 'k(t, s) = 4>t£(s). The result follows. □ 

Gal-K§dra give a different proof of the above result in §4]. 

4.2. Lifting F s . We now investigate situations in which the flux homomorphism ex¬ 
tends to a continuous crossed homomorphism F with values in I7 1 (M;M)/r. One 
obvious situation when this happens is when F = H 1 (AF,V Z ) and Dfi(M;Z) has no 
torsion since then we can take F = F z . For example, we can take M to be the product 
of the standard 2n-torus with a simply connected manifold. The other cases in which 
we know that F exists have T = 0, so that in fact F s lifts to H 1 (M]M.). 

As observed by Kotschick-Morita [Sj, such a lift exists in the monotone case. In this 
case uj always has a closed extension — by a multiple of the first Chern class of the 


34 


DUSA MCDUFF 


vertical tangent bundle — and so the flux group vanishes by Proposition II .71 We now 
explain their argument. 

Kotschick and Morita consider the symplectomorphism group Symp' 5 with the dis¬ 
crete topology and observe that the universal M-bundle AA Symp s B Symp' 5 has a 
natural flat connection (or foliation) that is transverse to the fibers. Therefore the 
fiberwise symplectic form u> has a closed extension ui given by the associated con¬ 
nection form. Suppose now that (M,u) is monotone, i.e. that the symplectic class 
[cu] E H 2 (A1) is a nonzero multiple Ac\{TAl) of the first Chern class of the tangent 
bundle TM. Then [u>] has another extension Av where v := cY ert denotes the first Chern 
class of the vertical tangent bundle. By construction the class [a;] — Av E 2 (M Symp ,s) 
vanishes when restricted to the fiber. Therefore it projects to a class 

[F KM \ € = E 2 1 ’ 1 = H\BSym V s -,H\M&)) = ^ M (Symp 5 ; H^M-R)), 

where El£ is the (1,1) term in the Leray-Serre spectral sequence. Each class [F] E 
H l [B Syrup 5 ; *4) may be represented by a crossed homomorphism F : Symp' 5 —> A 
whose restriction to the subgroup Symp^ that acts trivially on A is unique. Therefore 
it makes sense to talk about the restriction of Fkm to the identity component SympQ. 
Kotschick and Morita show that this is just the usual flux homomorphism. 9 

We now show that the Kotschick-Morita class [Fkm\ also lifts the class [F s ]. We do 
this by giving an explicit formula for a representative F s of [Fkm\- The task here is to 
use the monotonicity of (M, uj) to define a correction term for F s so that it takes values 
in f7 1 (M;M) rather than in i7 1 (M; M/'Pj). If Al is a Riemann surface, this is quite 
easy: see Remark EZDi). However, one has to work a bit harder to derive the general 
formula. We shall use the notation of EU 

Theorem 4.6. Suppose that (M,uj) is monotone, i.e. that the symplectic class [<u] E 
H 2 {M) is a nonzero multiple Ac\ of the first Chern class c\ := c\ (TAl). Choose a 
splitting s that is r -compatible where r = [ci] E H 2 (M; Z). Then F s : Symp(M, u) —> A 
lifts to a crossed homomorphism 

F s : Syrnp (M,u) -*• H 1 (M;M). 

Adoreover this lift represents [Fkm] H 1 (B Syrnp* 5 ; i7 1 (M; M)). 

Proof. Fix a basepoint xq in Al and denote by Symp* (resp. Ham*) the subgroup of 
Symp (resp. Ham) that fixes xq. We first define F s on the subgroup Symp* by looking 
at the action of Symp* on a certain line bundle over the universal cover of Al. We then 
show that F s lifts F s , and that F s vanishes on Ham*. It is then easy to extend F s to a 
crossed homomorphism on Symp that lifts F s : see Step 4. The proof that F s represents 
the class Fkm is based on giving an adequate description for the vertical first Chern 
class v. 

Step 1: Definition of F s on Symp*. 

9 As pointed out by K§dra-Kotschick-Morita 3 this argument works whenever [w] extends to 
H 2 (Msymp), which leads to an alternative proof of Corollary II. 121 See also Remark 13.71 
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By rescaling [u;] we may suppose that V ^ = Z. Then ci(TM) = IV [w] where \N\ 
is the minimal Chern number. Denote by M —► M the cover of M associated to the 
homomorphism 717 (M) —> i?i(M;Z), let L -> M be the complex line bundle with first 
Chern class c\(TM) and denote by L —> M its pullback to M. Denote by xq = (xo, [ 70 ]) 
the base point in M corresponding to xo, where 70 denotes the constant path at xq. 

Fix a (unitary) connection a on L, and let 5 be its pullback to L. (Thus da is the 
pullback of —Nuj.) Denote by the group of S^-equivariant diffeomorphisms of r 
that cover symplectomorphisms of M. 

For each g E Symp* define g : L —> L as follows: the points of M are pairs (x, [ 77 ]) 
where [ 7 ^] is an equivalence class of paths from xo to x and we set 

9(x, [lx],0) := {gx, \g^ x \,d') 

where O' E L( gx \ gl ,n is the image of 0 E L( x un under 5-parallel translation, hrst back 
along 7 a; to xq and then forwards along g(j x )- This is independent of the choice of 
representative j x for [ 7 ^] because g E Symp*. (Use equation (14.11) and the fact that g 
preserves u.) Further the map g >—>g is a group homomorphism. 

By construction L is isomorphic to A n (T*(M)), where T*M is given a complex 
structure compatible with uj. Hence each g E Symp lifts to a bundle automorphism gi 
of L that can be chosen to preserve the Hermitian structure of L. Therefore the 1-form 
g*(a) — a is the pullback of the 1-form (gi,)*(a) — a on M and hence is exact. For 
g E Symp* we define f g : M —► M to be the unique function such that f g {x 0 ) = 0 and 

9* ip) = a — df g . 

Then set 

Fsig)m) ■■= fM 1)) - fM 0))) eR, 9 e Symp*, [£} E Hi(M;Z)/Tor, 

where t is a based loop in M representing [^] and the path £ is its lift to M with initial 
point xq. In other words, 

F s {gW\) ■= -^(m g *s{t) - 

where m^(£) denotes the holonomy of the connection /3 along the path l. (This is only 
defined mod Z, but the difference between two connections gives an element in M.) It 
is easy to check that F s (g)([£]) does not depend on the chosen representative l for [£]. 
This completes Step 1. □ 

Step 2 : F s reduces mod Z to F s . 

It is immediate from the definitions that F s : Symp* —*• R is a crossed homomor¬ 
phism. We claim that its mod Z reduction coincides with F s . Suppose first that 
g[£\ = \£] E Hi(M;Z). Then the lifted paths £ and g(£) have the same endpoint and 
form the boundary of a 2 -chain C in M that lifts a chain C in M with boundary 
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C = g{£) — i. Hence we can calculate the mod Z-reduction of H s (g , )([£]) as follows: 

Fs{g){[£}) = ^(rrig»s(£)-m s {£)j 

= jj(rn s (g(f)) -m 5 (f)) 

= 1 / - 5 = fu 
N JdC Jc 

= F s (g)[£\€ R/Z. 

In general, F s (g)[£] is defined to be the area of a chain with boundary g{£) — £', where 
£,£' are chosen to have zero a-holonomy (i.e. so that they project to elements in Ims) 
and l' is homologous to g{£). But now g(£) and £' have the same endpoint and so 

Fs(g)([£]) = -^(rng* a {£) -m 5 (?)), 

= (W)) ~ , 

= F,( 9 )pR/Z, 

as before. Thus F s lifts F s on Syrnp*. □ 

Step 3 : F s vanishes on Ham*. 

Note first that although Ham is a perfect group, its subgroup Ham* is not — it 
supports the Calabi type homomorphism h e-> J 0 ' J M H t uj n , where H t generates h and 
is normalized by the condition that H t (x o) = 0. Hence this step does require proof. 

To this end, let h £ Ham* and choose any path ht from the identity to h := hi such 
that the a-holonomy round the loop ht(x o) is trivial. Then ht lifts to a path in M and 
thence to a path ht : L —► L given by taking the a-holononry along ht(x). Let s £(s) 
be a based loop in M with lift £. Consider the map 

Y v : I 2 —> M, (s,t)~h t (£(s)), 

and trivialize the bundle Y*L by parallel translation along the horizontal line t = 0 
and the verticals s = const. Then in this trivialization the map 

hi ■ Ly([o,i]x{o}) —>■ £y([o,i]x{i}) 

has the form (s,0, 0) —> (s, 1,6) £ Y*(L ) while the corresponding map defined by 
h :=T(h) has the form 

h : (s, 0,0) (s, 1,9- f{s )) 

where f(-s) is the area of the rectangle T([0,s] x [0,1]). (Here we have used the fact 
that the a-holonomy round the loop ht(x o) is trivial so that our trivialization gives 
the obvious identification of the fiber L xo over (0,0) with that (also L xo ) over (0,1). 
Further, because s Y(s,0,6) is a-parallel, the path s h(Y(s,0,9)) is also a- 
parallel by definition of h. Therefore, in this trivialization the restriction of h*a to £ is 
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a — df(s). Hence F s (h)[£\ = /(1). But because h t is a Hamiltonian path with no flux 
through i we must have /(1) = 0. □ 

Step 4: End of the proof of the first statement. 

Given g G Symp we now set 


F s (g) ■= F s (hg), 

where h G Ham is any element such that hg G Syrup*. This is independent of the 
choice of h because F s = 0 on Ham*. Moreover F s : Symp —> is a crossed 

homomorphism. It lifts F s , since this also vanishes on Ham. This completes the proof 
of the first statement in the proposition. □ 

Step 5 : F s represents the class [. Fkm ] in H^ M (Symp s . 

This is easy to see on the subgroup Ham since both crossed homomorphisms vanish 
there. Hence it suffices to check this statement for Symp*. The difficulty in proving 
this is to find a suitable way to calculate the class v := cy ert . 

We first consider the subgroup S'*# ■= Symp*# of Symp* that acts trivially on 
The term of the integral homology spectral sequence for the pullback 
of M Symp s —» B Symp'' to BS* H is isomorphic to the product H\(BS* h ) 0 Hi(M;Z). 
It is generated by cycles 

Cg,e ■= Zg,(. U Wg/, 

where W g g is a 2 -chain in the fiber M* over the base point with boundary gift) — £, 
and Zg t £ is a cylinder lying over the loop in the base corresponding to g G Synrp ' 5 with 
boundary t — g(£). Since the class [tD] vanishes on Z g 



(Note that the mod Z reduction of this class is F s (g)[l\ as one would hope.) Since S'*# 
does not act on L but does act on the pullback L, to understand the vertical Chern 
class v = c7 crt we should think of M as the quotient of M by the group G := H\[M\ Z) 
and consider the corresponding G-equivariant pullback line bundle L s s —> M s s. (Here 
we denote S s := Sf H .) Then C g / lifts to a cycle C g j := Z g ^ U W 9t g in M s s. There 
is a trivialization of L s s over Z 9j g that restricts to a over l and to (g)*( 5 ) over g(£). 
Extend this to any connection (3 of L over W g j. Then v(C g j) is given by integrating 
the curvature of this connection over C g p. Since this connection is flat over Z g t g, the 
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relevant part of the integral is over W g /. Then because — Nu pulls back to da 

1 




N 

1 

N 


>w, 


(—da + d/3) 


9,1 


(3 — a — (3 — a 


m 


= — / (3 — a = — 

AT 1 ~ a AT 


N 

1 

N 


> 9 ( 1 ) 


N 


*((3 — a) 


a-(g)*a = F s (g)[£j. 


To extend this argument to the full group S := Symp* we consider the 2-chains 


C' g £ = ZgJ U W'gJ, 

where £ is now a loop with trivial a-holonomy, Z g ^ is as before, and W' £ is any 2- 
chain in M* with boundary g(£) — £', where £' is homologous to g(£) and also has zero 
a-holonomy. Thus dC' g £ = £ — £', where both loops have zero a-holonomy. 

Any element in Ivy 1 = H 1 (BS s ; H 1 (M; R)) is determined by its values on the integral 
2-cycles Z that are sums of chains of the form C' f with chains in the fiber M* whose 
boundary consists of sums of loops with trivial a-holonomy. Again we lift each such 
cycle to a cycle Z in M s s, and evaluate v on Z by integrating the curvature of a suitable 
connection form for the pullback of L to Z. As before we suppose that this connection 
equals a on the “free” boundary arcs £,£'. Since these have trivial a-holonomy by 
construction, the pieces of Z formed from chains in M* do not contribute to [cu] — jjV, 
while the contribution of C' £ is 

(Z-±v,C' g/ ) = F s (g)[£} 

as before. This completes the proof. □ 


Remark 4.7. (i) If (M,u) is a Riemann surface, then there is another simpler descrip¬ 
tion of F s . In the notation of §2, F s (h) (A) = f c co— jjC\(TM\c) where C is any integral 
2 -chain whose boundary represents h*(sA) — s(t i*A) and c\(TM\c) is the relative Chern 
number of the restriction of TM to C with respect to the obvious trivializations of TM 
along the (embedded) boundary of C. 

(ii) The above argument used in an essential way the fact that every symplectomor- 
phism lifts to an automorphism of L = A n (T*M). The construction of F s works 
whenever there is a line bundle L' over the universal M-bundle Mg ymp —> B Symp such 
that ci(-L') restricts on the fiber to an integral lift r of [cu], i.e. whenever there is a 
lift such that Symp T = Symp. The second part of the argument, showing that F s rep¬ 
resents the corresponding element in the of the spectral sequence also goes 

through. Hence, under these circumstances, our construction gives an explicit formula 
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for the crossed homomorphism whose existence is established by K§dra-Kotschick- 
Morita in O Theorem 6 ]. 

4.3. The atoroidal case. We now consider the situation when uj vanishes on tori 
and/or spheres. Recall from §1 that the group Symp^ consists of all symplectomor- 
phisms that are isotopic to an element in Symp* that acts trivially on 7 Ti(M, xq), 
where xo is the base point in M. This is equivalent to saying that the elements in 
Symp^ fl Symp* act on 7 Ti(M, xq) by inner automorphisms. We denote by 

Symp w 

the subgroup of Symp^ n Symp* that acts trivially on / k\{M,xq). The (disconnected) 
group Ham* is a subgroup of Syrnp*^ because the evaluation map 7 Ti(Ham) —> 717 (M, xq) 
is trivial: see m for example. Note also that although T may not vanish when uj = 0 
on 7 T 2 (M), the Flux homomorphism vanishes on loops in Syrnp*^ fl Symp 0 since its 
value is then given by evaluating [a;] on 2-spheres. Therefore, in this case Flux is well 
defined as a homomorphism Symp*^ n Symp 0 —> i7 1 (M;M). 

Lemma 4.8. Ifuj = 0 on spheres then Flux extends to a homomorphism F n : Symp*^ —> 

Proof. Denote by Sni(M) the group formed by equivalence classes ( 7 ) of based loops 
in (M. x'o) where two loops 70,71 are equivalent iff they may be joined by a based 
homotopy 7 1 of zero symplectic area, i.e. 

f i/j*uj = 0, if : C = S 1 x [0,1] —> M, ( s , t) 1 —► 7 t (s). 

Jc 

Because uj vanishes on spheres, the symplectic area of a based homotopy between two 
homotopic loops 70,71 is independent of the choice of homotopy. As in Lemma 12.11 it 
follows readily that there is an exact sequence of groups 

(4.3) 0 —*• R —> Sni(M) 7 Ti(M) —> {1}. 

We now define a map s : 717 (M) —► Stti(M) such that 7r o s = id. Since uj vanishes 
on spheres it lifts to an exact form uj on the universal cover M of M. Choose a base 
point x 0 of M that projects to xq and choose a 1-form (3 on M such that d/3 = uj. 
Then define s := sp by setting ([ 7 ]) = ( 7 ) where the based loop 7 represents [ 7 ] and 
is such that (3 integrates to zero over the unique lift of 7 to a path in M starting at 
xq. Note that s := sp need not be a group homomorphism because (3 is not invariant 
under deck transformations. 

For each g £ Symp*^ define a function 

Fn(g) : 7Ti (M) -> R 

by setting ^( 5 ) ([ 7 ]) equal to the symplectic area of a based homotopy joining g( 7 ) = 7 
to gj. We claim that the map F n (g) : tt 1 (Af) —> R is a homomorphism for each 
g £ Symp^ and so defines an element F n {g) in iL 1 (M;R). To see this, define .A( 7 , 6) 
to be the cu-area of any homotopy from 7 * 5 to 7 * 5 , where 7 , 5 £ and 7 * 5 

denotes the loop that first goes round 7 and then 5. Now F 77 (g) ([7 * 5]) is the area of 
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any homotopy from g {7 * 8) to g (7 * 8). Consider the three part homotopy that goes 
first from g {7 * 8) to 57 * gS, then to 57 * gS and finally to g (7 * 8). The first of these 
homotopies has area —A(g'y, gd) = —^(7, 6) since g acts trivially on 717. Therefore this 
cancels out the area of the third homotopy. The middle homotopy can be chosen to 
be the juxtaposition of the homotopies used to define ^(sOM and F 7r (g)[8] and so has 
area equal to their sum. Thus F n (g )([7 * <5]) = (</)([7]) + TV (<7) ([£]). 

One now shows that TV : Symp*^ —> is a homomorphism as in Proposi¬ 
tion ESI □ 

Corollary 4.9. If u) vanishes on tori then F n extends to a homomorphism Syrupy —> 
Tf^MjR). 

Proof. Since each g £ Symp^ may be joined to a point gh\ £ Syrnp*^ by a Hamiltonian 
path hf £ Ham, we extend TV by setting 

(4.4) F n (g) := F n (gh), g £ Symp^, gh £ Symp^, he Ham. 

This is independent of the choice of ht £ Ham because w = 0on tori. □ 

The above proof was written using geometric language, to imitate the definition 
of F s . However, when g £ Syrnp^^ it is perhaps more illuminating to write F n (g) £ 
Map(7Ti(Af),M) in the form 

(4.5) K(g)( 7) = «s(7), 7 e TTi (M,x 0 ), g £ Symp^ 

where n g : M —* M is the unique function such that g*[3 = /3 + dn g , and n g (xo) = 0. 
Here g denotes the lift of g to the universal cover M that fixes the base point xq, and 
7 £ 7r _1 (xo) C M is the end point of the lift of any representative of 7 £ 717 (M). Hence 

n g h = K h + h*K h , F n (gh) = F n (h ) + h*F n (g). 

The above identities hold for all g £ Symp*. However, when g £ Syrnp*^ we saw 
above that the map F(g) is a group homomorphism 717 (M) —> M for each g. In general 
this is not true. To explain the algebra, denote by i/v, : M —> M the deck transformation 
corresponding to 7 £ 717 (M) and define the function / 7 : M —»• R by 

(Vb)*/ 3 = P + dfj, / 7 (x 0 ) = 0. 

Then 

(4.6) / 7 , 5 - fs - (Vb )*/7 = /#)> 

where we think of the right hand side as a constant function on M. Therefore 

(4.7) A(j,S) =/_/?= £(^ 7 )*(/9) = /d/ 7 = /#)• 

J 'ijjry 8 J 8 J 8 

Hence H : 717 x 717 —> M satisfies the cocycle condition 

A(8, e) - A{ry8, e) + A{^,8e) - A (7, 8) = 0. 
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(When checking this, it is useful to think of A( 7, 5) = (ip £ )* A(y, 5) as a constant 
function on M and to use flH3> .) Then the identity g o 7/7, = o g implies that 

f gi 0 9 ~ / 7 = K g o </> 7 - K g - (7). 

It follows that 

FA 9 )W) - F n (g )( 7 ) - F n (g)(5) = f gi (g5) - fr(6) = g*A( 1 ,6) - A\ ( 7 ,<S). 
Therefore, if we modify (TOli by setting 

Fn(g, i)( 5) ■= Kg( 7) + g*A( 7, 5) - A( 7, 5), 

we hnd that 

Fn(g, 1 ) ( 7 ^) = F n (g, 1 )( 7 ) + F 7V (g,'y)(6). 

This discussion applies when u> vanishes on 712 (M). If oj also vanishes on tori 10 then 
T = 0 and F n (g) = Flux(g) for g G Symp* 0 , so that we can extend F n to the whole 
group Syrnp by equation dHH) . Hence we have shown: 

Proposition 4.10. Suppose that lu vanishes on tori. Then Flux extends to a crossed 
homomorphism 

Fn : Symp —> Map(7Ti(M);M), 
such that Fir(g) G Hom(7Ti(M); M) for g G Symp^. 

Because of the rather complicated algebraic structure of the map F n (g) when g acts 
nontrivially on 717, the kernel of F n will not in general intersect every component of 
Symp. Note also that if uj lifts to an exact form on the abelian cover of M given by the 
homomorphism 717 (M) —> H’i(M;Z)/Tor, one can play the same game there, defining 
Fh and A by equations (l4~5l) and (14.71) . Thus: 

Corollary 4.11. Suppose that [w] G (14 1 (M;M)) 2 C 14 2 (M;M) and that uj = 0 on tori. 
Then Flux extends to a crossed homomorphism 

F H : Symp H H\M;R), 

where Symp# is the subgroup of Symp that acts trivially on Hi(M;M). 

4.4. c-Hamiltonian bundles and covering groups. Suppose now that (M, a) is a 

c-symplectic manifold, that is, a closed oriented 2n-dimensional manifold equipped with 
a class a G H 2 (M;M) such that a n > 0. Then the analogue of the symplectic group 
Symp is the group Diff a of all diffeomorphisms whose action on H 2 (M ; M) preserves 
a. Thus its identity component is the full group Diffo- Since this is a simple group, 
there is no subgroup corresponding to the Hamiltonian group. However, as noted in 
Kedra-McDuff Jf| there is a covering group, which may be defined as follows. 

Consider the a-Flux homomorphism Flux a : 717 (Diffo) -^ 74 1 (M;M), whose value on 
a loop A in Diffo (M) is the cohomology class Flux a (A), where, for a 1-cycle 7 in M, 

10 If u> does not vanish on tori, we still have F(g) = Flux(g) mod F, provided that the evaluation 
map 7r 1 Symp 0 —> 7 ti(M) is surjective. So in this case we also get an extension of Flux. 
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F1ux“(A)(7) is given by evaluating a on the 2-cycle defined by the map T 2 —► M, (s, t) i—> 
^(*)(t(»))- Set 11 

r a := Im(FluXa) C 

We define the c-Hamiltonian group HDiffg to be the corresponding covering space of 
Diffg := Diffo(M). Thus there is a group extension: 

r a - HDiffg Diffg . 

A similar construction in the symplectic case gives a group extension 

r -»• H 0 -> Syrnpg, 

such that the inclusion Ham > Symp 0 has a natural lift to a homotopy equivalence 
l : Ham —> TLq. To see this, note that if h E Ham, the element in TCq represented by 
the pair (h, 7 ), where 7 is any path in Ti from the identity to h, is independent of the 
choice of 7 because the difference between two such paths lies in the kernel of Flux^. 
Here are some analogs for Diff a of the questions considered earlier. 

Question 4.12. Suppose that M —> P —> B is a bundle with structural group Diff a . 
When does the class a E H 2 {M ) extend to a class a E H 2 (P)1 

Question 4.13. When is there a group extension 

T a -*• HDifP -> Diff a 

that restricts over Diffg to the extension T a —> HDiffg —► Diffo? 

Neither question has an obvious answer. It is also not clear what relation they have 
to each other. For example, consider the case when T a := Im(Flux a ) = 0. Then the 
cover is trivial and so always extends, but a may not always extend. We shall see 
below that Question 14.131 is. at least to some extent, analogous to Question 11,51 which 
asks when Flux extends. However, in the present situation there is so far no analog of 
Theorem 11.101 which shows the close relation between the existence of an extension of 
Flux and the obstruction cocycle O ai . 

The cocycle £0 r a ) that determines the extension T a —> HDiffg —► Diffg 

is defined as follows. For each g E Diffg, choose a path 7 ^ from the identity element to 
g and then define £ 0 ( 5 , h) to be the value of Flux a on the loop formed by going along 
7 h to h then along 7 g h to gh and then back along 7 g h. In the symplectic case £ 0 ( 9 , h) 
can be defined as the sum: 

e 0 (g, h) = Flux( 7 / l ) + F1ux(7 9 ) - Flux( 7 fffe ). 

The next result shows that £0 extends to a cocycle £ on Symp when Flux extends. 

Proposition 4.14. Suppose that Flux extends to a crossed homomorphism F : Symp —> 
F/r/T, and set hip := ker F. For each g E Symp, pick an element x g E Tip that is 
isotopic to g and choose a path 7 g in Symp 0 from the identity to gx~ l . Then: 


^By McDuff [T21 Thm 6] F a need not be discrete. 
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(i) The formula 

(4.8) e(g, h) = Flux^/J + h* Flux( 7 9 ) - Flux( 7 fffe ), 

defines an element [e] G _ff| M (Symp;r) that is independent of choices. 

(ii) The inclusion Tip —» Symp lifts to a homotopy equivalence between Tip and the 
covering group Q of Symp defined by e. 

Proof. To check (i) first observe that x g is determined modulo an element in Ham 
and so the element Flux( 7 h) is independent of choices modulo an element Ch G T that 
depends on the choice of path 7 ^. The three paths ^h^lghxf 1 , —'Jgh no longer make 
up a triangle; to close them up into a loop one needs to add a path from gx~ 1 hxj i 1 to 
ghXgh- But there are elements k, k! G Ham such that 

gxgfiixfi 1 = ghx^kxf 1 = ghx^k' 

and so we can choose this path to lie in Ham. It follows that formula (HU does define 
an element e(g, h ) G T. The cocycle condition 

Se(g, h, k ) = e(h, k ) — e(g, hk) + s(gh, k) — k*s(g, h) 

follows by an easy calculation. Moreover different choices of the paths 7 ^ change e by 
a coboundary. This proves (i). 

To prove (ii) observe that the extension Q defined by e has elements ( g , a) G Symp xT 
where 

G 9 , a)(h, b ) = ( gh , h*a + b + e(g, h)). 

Now consider the map / : Q —> Hr given by 

f(g,a) = F 1 ux( 7 9 ) - a G H^MjR), 

where Flux( 7 s ) is the flux along the path 7 fl in the universal cover Symp. It follows 
immediately from the definitions that this is a crossed homomorphism with kernel Ti. 
say. Thus there is a commutative diagram with exact rows and columns 



r 

jd 

r 


1 


1 

Ti - 

-> g 

_/ 

Hr 

i 

i 


1 

Up - 

-> Symp 


Hr/t 


Because Hr is contractible the 5-lemma implies that the map Q ~ Ti —> Ti? is a 
homotopy equivalence. □ 

Remark 4.15. (i) Suppose that = Z, and repeat the above argument using the 
crossed homomorphism Ff , where s is r-compatible. By Proposition HU Ham sZ maps 
onto 7To(Symp r ). Hence Ham sZ is homotopy equivalent to the covering group of Symp r 
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defined by the cocycle e s E Z/? EM (Symp r ; Hz) of (Id.811 . It follows from Proposition 14.51 
that this covering group may be identified with Q r . 

(ii) If F : G —► A/K is a continuous crossed homomorphism then there is an associated 
(possibly discontinuous) extension cocycle ef E H^ M (G; A)) defined by £F(g,h ) = 
h*f(g) + f{h ) — f(gh .), where / : G —► .4 is any lift of F. It is not hard to check that 
the corresponding extension of G coincides with the covering group G constructed from 
F in P.emark ll .21 f ill). 

Observe finally that we can relax Question 14.1 .‘11 by asking for an extension of Diff a 
by the group H l (M]V^) rather than by T. If a is a primitive integral class (i.e. = 

Z), there are natural candidates for such an extension just as in the symplectic case. 
Moreover the existence of these groups should have some bearing on Question 14.121 
Since these questions are very similar to those already discussed in connection with the 
group Ham sZ , we shall not pursue them further here. 
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